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Abstract. Some important questions connected with bitopological QHC spaces are investigated. New con-
ditions are found, under which such spaces are compact with respect to one component of the topology. It
is shown that a pairwise extremal disconnected bitopological QHC spéakceldased in the sense of [4].
Theorems on the second category of a base set and on the almost Baire property of bitopological QHC
spaces are proved. Also, several properties of QHC bitopological spaces are found under some known
bitopological mappings.
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1. INTRODUCTION AND PRELIMINARIES

The basic concepts of bitopological spaces are introduced in [12] as a tool of in-
vestigating quasimetric spaces. According to [12], by a bitopological space (briefly
bispace) we understand a tripl&, 71, 72), where topologieg; and o are defined

on a base seX. In asymmetric topology, bitopological spaces play a key role along
with quasiproximity and quasiuniform spaces (see, e.g., [13]). The investigation of
bitopological structures makes it possible to characterize a great number of asymmet-
ric objects that have been left outside the framework of classical (symmetric) topology.
Moreover, the bitopological methods of investigation are successfully used in other
mathematical disciplines (see, e.g., [7], [11], [13], [14], etc.).

In this paper, we study some important properties of quasi H-closed (briefly, QHC)
bispaces. Keeping in mind the fact that H-closed topological spaces are the object of
numerous investigations in general topology and that vast fundamental knowledge has
been accumulated in this direction, here we make an attempt to deepen the interest
in studying such spaces. The notion of a QHC bispace was first introduced in [16],
as a natural generalization of a H-closed topological space. Interesting results and
sufficiently comprehensive characterizations of QHC spaces can be found in [6], [16],
[17], etc.

In Section 2, we present some new structural properties of QHC spaces and also
discuss their behavior under the known bitopological mappings.

Our main sources of reference are [2], [8] for topological spaces and [7] for bitopo-
logical ones.
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Throughout the paper, we use the following notation: the interior and closure of a set
A C X with respect to the topology are denoted by;int A andz;cl A, respectively,
wherei € {1; 2}. If O is open int;, then we writeO € t;, while, for ther;-closed set
F, we use the notatioR € cot; (in this case, for brevity) andF are meant also as an
i-open and am-closed set, respectively). Denote ffy= 7; N A the topology induced
on the setA from the t;. The family of alli-open neighborhoods of a subgkét of
the bispacd X, 11, 12) is denoted byZ,X(M), and the class of all-dense subsets by
i — D(X). The family of alli-nowhere dense sets is denoted by N D(X). We write
X e€i—Catgl (orX €i — CatglI), when the basic sef of (X, 11, 72) is of the first
(or second category).

The following families of sets play a special role below; j) — RO(X) =
{A|A = riinttjclA} and (i, j) — RC(X) = {A|A = t;clt;int A} denote the classes
of (i, j)-regularly open andi, j)-regularly closed sets of the bispac¥, 11, 12);

(i, ) — SO(X) = {A|A C tjclr;int A} is the class of alli, j)-semiopen sets, and

the members of — Cip(X) = {A|A € 1; N cot;} are said to be clopen sets. In [5],

we introduce and apply to the study several bitopological properties of the class of
special-type sets: a satC X is saidp-open if it can be represented as the intersection
of two different setsA; € 11\{&; X} and Az € 12\ {&; X}. According to [17], a subset

A of (X, 71, r2) satisfies the conditioq;; iff 7;clz;intA C t;clz;intA. In our consid-
erations, a restricted case of this property is presented. Naturally, if the pr@perty

is possessed only ky, j)-regular closed sets, then we say tt#t 71, 7o) satisfies the
C;j(RC)-condition.

Next, in several results, we apply few important notions on bitopological struc-
tures, which are completely concerned in [7]. A bispéXers, 72) is said to be(i, j)-
regular if, for a pointk € X and a sek ¢ F € cot;, there are disjoint sef§ € Z,.X(x)
andV e Z;‘(F) [12]. It can be easily to verify that a bispa¢®, t1, t2) is (i, j)-
regular iff, for every pointr € X and anyU e Y} (x), there existsV € Y ¥ (F)
such thatr;jclV C U. Usually, a bispaceéX, 1, 72) is called to be(i, j)-semiregular
(brief. (i, j) — SR) if, for every G € t;, there isV € (i, j) — RO(X) such that
V C G. Suppose that, for any point € X and everyG € Zix(x), there exists
x eV e(ij)— RO(X) such thatV c G. Then we say thatX, 1, t2) is locally
(i, j)-semiregular bispace (brigfi, j) — LSR). (X, 11, t2) is calledp-Urysohn (resp.
almost orA-(i, j)-Urysohn) if, for every pair of different pointér; y) € X?, there
exists neighborhood® € Y (x) and vV € Y7 (y) (resp.V € Y (y)) such that
TiclUNT1clV =@ (resp.tjclU NtjclV = ). Itis well known that the peculiarity of
extremal disconnectedness makes important connections between several topological
constructions . Bitopologically modified spaces of this topological notion have many
interesting applications (see, e.g., [15], [7]). According [15], a bisgates, 1) is
called to bep-extremally disconnected (brigh-E.D.) if 7;clO € 1;, forany O € 7;. It
can be easily to verify thatX, 1, t2) is p-E.D. iff ;c/O1 N tjcl 02 = @ for any pair
of disjoint setsO; € t; and O3 € 7;.
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2. THE MAIN RESULTS

A bispace(X, 11, 12) is called(i, j)-QHC if any coveringV = {0, € t;}qea Of X cOn-
tains a finite subfamily’’ = {0y, € Vit such that = Uj_; 7;cl Oq, [16], [17]. It
is known that(X, 71, 72) is (i, j)-QHC iff any centered systefl/, € 1;}4ca Satisfies
the conditiomyca 7;clU, # @ [16]. Itis obvious that every-compact bispace is an
(i, j)-QHC but the opposite does not hold in general.
Before formulating our first result, we take into account two important known the-
orems on QHC bispaces. One of these theorems establishes a connection between
compactness and QHC.

THEOREM 2.1 [16]. Let a bispace (X, 11, 72) be (i, j)-QHC and (i, j)-regular.
Then it isan i-compact.

The other, not less interesting, theorem gives conditions under which a subspace of
the QHC-bispace is QHC.

THEOREM 2.2 [17]. Let an (i, j)-QHC bispace (X, 11, 72) satisfy the C;;(RC)-
property. Then, for any A € (i, j) — RC(X), asubspace (A, ], t5) isan (i, j)-QHC.

Based on the above-mentioned theorems and using the constructions from [2] to
investigate H-closed topological spaces, we have established new conditions for QHC
bispaces to be compact.

THEOREM 2.3. Let an (i, j)-QHC bispace (X, t1, t2) be (i, j) — SR, A — (i, j)-
Urysohn, and having the C;; (RC)-property. Then it is i-compact space.

Proof. We first must show thatX, z1, 72) is (i, j)-regular. To this purpose, con-
sider a pointxg € X and its arbitrary neighborhoo® (xp) € ZZX(XO)- Then from
the (i, j) — SR property of (X, 11, 72) it follows O’(xg) € (i, j) — RO(X) such that
0O’ (xg) C O(xp). SinceM = X\0'(xg) € (i, j) — RC(X), Theorem 2.2 yields that
(M, {,13) is an(i, j)-QHC subspace. Now for each pointc M andxo € X con-
sider setd/ (x) € Y_X (x) and U, (xp) € ¥ (x0) such thatr;clU (x) N tjclU, (xo) =
@. Obviously, from the coveringc = {U (x)}xepm We can choose a finite subfam-
ily Fo={U(x)};_1,; C F such thatM C U;_, t;clU(xx). By taking into con-
sideration the neighborhood{i]xk(xo)}kzl;—n of the point xg € X, we note that
T;clUy, (x0) N TjclU (xx) = @ or, equivalently,r;clUy, (xo) C X\1;clU (xi) for ev-
ery k = 1; n. Let us suppose tha®” (xq) = Mi—q Ux, (x0) € 7;; thenxg € 0" (xo) C
7;c1 0" (x0). Since the inclusion;clU,, (xo) C X\7;clU (x¢) holds forvk = 1; n, we
have that"}_, 7;clUy, (xo) C N;_1(X\1;clU(xx)). Hence, we have;cl 0" (xo) =
Tl (N _q Uy (x0)) C M _q TjclUy (x0) C N _1(X\7jclU (xt)) C X\M = O'(x0) C
O (xp), and, consequently, the, j)-regularity of(X, t1, 72) is established. Finally, by
Theorem 2.1 the compactness of the spacter;) follows.

It is known that a spacéX, ) is submaximal iff D(X) c t\@ (some important
properties of such spaces are given, for example, in [3]). Using this topological notion
of submaximality, we claim the following theorem on second category.
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THEOREM 2.4. Let a bispace (X, 71, 72) be the (i, j)-QHC and i-submaximal.
Suppose that, for every set O € 1;\@, there exists U € 7;\@ such that z;clU C O.
Thentheset X €i — Catgl|.

Proof. SupposethaX i —Catgl,i.e., X =U>2 ; Ay, whereA, €i — N D(X) for
everyn € N. From the implicatiord,, € i — N D(X) itfollows thatD,, = (X\A,) €i —
D(X) and by the submaximality afX, z;) we haveD,, € ;. The conditions directly
imply the existence of a séf; € r;\@ such thatr;c/U; C Dy with Uy N D7 € 7;\@.
Consequently, for the séty N D; € 7;\@, there isU; € 7;\@ such thatr;c/U, C U1 N
D> C D,. Continuing this process, we obtain a sequence of{€6td/,, € 7;\J}nen
suchthat/y D Uz O ---, wherer;clU, C D, foranyn e N. Itis obvious thatU, },en
is a centered family af-open sets. SincgX, 11, 12) is an(i, j)-QHC bispace, we have
thatN® ; 7;clU, # @. ThereforeN™ ; D, # &, a contradiction to our assumption.

Now we will establish another interesting connection betwgey)-QHC and al-
most(i, j)-Baire spaces (briefd — (i, j)-Baire space). Some characterizations of the
Baire property in the bitopological case can be found in [1], [5], [7] and [10]. To
avoid confusion, we use the definition of the almost Baire property from [7]. The bis-
pace(X, 11, 12) is said to beA — (i, j)-Baire, iff any sequence of sefs = {G, |G,

7; Ni — D(X)},en satisfies the condition,,eny G, € i — D(X).

THEOREM 2.5. Let a bispace (X, 71, t2) be (i, j)-QHC. Suppose that, for every
p-openset O C X, thereexists G € t; such that 7;c/G C O. Then (X, 11, 12) iSA —
(i, j)-Baire bispace.

Proof. Consider any famil{U, € t; Ni — D(X)},en and define by induction a
sequencdV, € t;},en such thatr;clV, C U, for Va € N with V1 D V2 O ---. Sup-
pose thatW e t; is an arbitrary nonempty set. Sinég, € i — D(X), there exists
V1 € 7; such thatr;clVy C W N Uy # @. Consequentlyys is constructed. The second
step of the induction requires the assumption that thelsetse well-defined, just as
above, for alln < k. Therefore, we take ag,.1 an arbitrary seV;,1 € 1; such that
TjclVig1 C Vi NUgy1 # 2. By such an algorithm the se¥s, n € N, can be also con-

structed in a similar way. It can be easily seen than (ﬂjjozl Un) DN TiclVy;
moreover, the familyV, € t;},en represents the centered systeniXn t1, 72). Since
(X, 71,72) IS (i, ))-QHC, we have"(e jclV, # 2, e, W N (N2, U,) # & for
anyW e t;, and this yields that?> , U, € i — D(X).

The notion of ar(i, j) — S-closed space is given in [4], where some of its properties
are also studied. In the definition of QHC bispace replacing-@pen covering by an
(i, j)-semiopen covering, we come to the notion of(ary) — S closed space. Below
we show how(i, j) — S closed andi, j)-QHC spaces are related to each other.

THEOREM 2.6. If a bispace (X, 71, 2) isboth (i, j)-QHC and p — E.D., then it
is(i, j) — S closed.
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Proof. Let us consider an arbitrary coverif@,|U, € (i, j) — SO(X)}qen Of X.
Then, for everyU, € (i, j) — SO(X), the family W = {W,, = t;clt;intUy}qen also
coversX. From thep — E.D. of (X, 11, 12) it follows that W,, € 7; for everya € A.
Since (X, 71, 2) is (i, j)-QHC, from the cove® one can choose some finite sub-
family {Wy, € W},_z;; such thatX = Uj_; tjcl Wy, i.e., X = Uj_; Tjcltiint Uy, =
UZ:]_ ‘chon,k.

To continue, we will investigate, from the standpoint of dynamics, the behavior of
QHC spaces under various known bitopological mappings. According to [12], a map
f: (X, 11,72) > (Y, y1, y2) is said to bep-continuous if bothf: (X, t1) — (¥, y1)
and f~1: (X, 2) — (¥, y») are continuous maps.

THEOREMZ2.7. Let (X, 11, T2) bean (i, j)-QHC bispaceandamap f: (X, 11, 72) —
(Y, y1, y2) bea p-continuous surjection. Then (Y, y1, y2) isa (i, j)-QHC bispace.

Proof. Consider any covering/ = {Oy|Oy € ¥ilaea Of (Y, y1,y2). Then, ob-
viously, the family ofi-open setsW = {f‘l(Oa)|0a € Ulqen covers the space
(X, 11, 12). Therefore, the coveringW contains some finite subfamily
{f 71O} _1; Such thatX = U;_, tjclf ~1(Oq,). By the j-continuity of the map
fyields thaty = f(Ui_; tjclf 71(0g)) = f(tjelf HUI_; Oa,)) CUP_, yjclOg,,
i.e., the bispacey, y1, y2) is (i, j)-QHC.

In Theorem 2.8, we use the following fact: If, in &n j)-regular bispacéX, 1, 12),
a setA e j — Cip(X), then (A, ], 1) is (i, j)-regular, as one can easily ver-
ify. Moreover, for bitopological mappings,we need the following useful notion. Let
f: (X,11,12) = (Y,y1,y2) be a p-continuous bijective action together with-
continuousf*ls (Y, y1, v2) = (X, 11, 12). Thenf is called p-homeomorphism. Here
we give conditions under which thehomeomorphy off implies itsp-homeomaorphy.

THEOREM 2.8. Consider bispaces (X, 71, t2) and (Y, y1, y2), where (X, 11, 72)
is (i, j) — LSR and (i, j)-QHC with the C;;(RC)-property and (Y, y1,y2) is i-
Hausdorff and (i, j)-regular. Let a j-homeomorphism f: (X, 11, t2) — (Y, y1, y2) be
i-continuous, and let f(A) € j — Clp(Y) for every A € (i, j) — RC(X). Thenthe map
f isa p-homeomorphism.

Proof. Our main purpose is to show thi@penness of the map, i.e., thatf (0) €
y; for every O € t;. If we fix an arbitrary seD € 1; and a pointy € f(0), then there
exists a pointx € O such thaty = f(x). The (i, j) — LSR property of (X, 1, 12)
implies the existence of a sete V € (i, j) — RO(X) such thatV ¢ O. Moreover,
ye f(V)C f(0). Now we shall show that (U) € y; for everyU € (i, j) — RO(X).
By Theorem 2.2 this implies that the induced subspéGer;, z;) is an (i, j)-
QHC, whereG = X\U € (i, j) — RC(X). SinceM = f(G) € j — Clp(Y), this di-
rectly yields that(M, y;', y5) is (i, j)-QHC. Moreover, we have thatM, y;, y;)



On some properties of bitopological QHC spaces 191

is an (i, j)-regular bispace. Therefore, Theorem 2.1 implies {4t y*) is ani-
compact subspace in the Hausdorff sp&Eey;). Therefore,M € coy;, or, equiv-
alently, f(X\U) € coy; and f(U) = Y\ f(X\U) € y;, respectively. Obviously, the
implicationsy € f(V) € y; and £ (O) € y; are valid.

Amap f: (X, 11, 72) — (Y, y1, y2) is called(i, j) — 6 continuous if for any point
xo € X and every neighborhoolf Zl-Y(yo) of the pointyg = f(xg), there exists
V e >-¥(x0) such thatf (z;clV) C y;clU (see, e.g., [7]).

As in [5], we call a setk to be p-dense in a bispacgX, 1, 1) if, for any point
x € X and its p-open neighborhoodV (x) we haveW (x) N K # @ (brief. K € p-
D(X)).

PROPOSITION2.1. Let amap f: (X, 11, 72) — (Y, y1, y2) satisfy the condition
f(X)ep—D(Y),andletthemaps g, h: (Y, y1, y2) = (Z, w1, w2) be (i, j) — 6 and
(j, i) — 6 continuous, respectively. If (Z, w1, w2) isa p-Urysohn bispace, then go f =
ho fimplies g = h.

Proof. Suppose thatg(y) # h(y) for somey € Y. Then there are set¥§ ¢
Y7 (g(y) and vV e Y7 (h(y)) such thatw;clU N w;clV = @. Sinceg and h are
(i, j) — 6 and(j,i) — 0 continuous maps, respectively, then there @fe Ziy(y)
andV’ e Z;,(y) such that the inclusiong(y;clU’) C wclU andh(y;clV') C w;clV
are valid. It is clear thay ¢ W = U’ NV’ and thatW is a p-open set. Note that
g(yjclW) CwjclU andh(y;cIW) C w;clV. Since f(X) € p — D(Y), we have that
WnN f(X)+#2,ie., there exists a pointe X such thatf (x) € W. By the inclusions
g(W) Cwjcl Uandh(W) C w;clV, it follows thatg(f(x)) € w;clU andh(f(x)) €
wiclV. Therefore, fromw;clU Nw;clV = @ it follows that (g o f)(x) # (ho f)(x).
This contradiction shows thagt = g.

Finally, from bitopological point of view, we present a version of a result of Fomin

9.

THEOREM 2.9. Let (X, 11, 12) be an (i, j)-QHC bispace, and let f: (X,t1,72) —>
(Y, y1, y2) be an (i, j) — 6 continuous surjection. Then (Y, y1, y2) isan (i, j)-QHC
bispace.

Proof. Let{O, € y;}aca be some cover ofY, y1, y2). Then, for every point € X,
there exists an index(x) € A such thatf (x) € Oy (). By the (i, j) — 6 continuity
of the mapf, there existsV (x) € Zix(x) such thatf (t;clV (x)) C yjclOqx). It is
clear that from ari-open covefV (x)}xcx Of (X, t1, T2) one can choose a finite sub-
family {V(xk)}kzl;_n C {V(x)}rex suchthatX =Uy_; tjclV (xr). SinceY = f(X) =
Up_q f (el V(xk)) CUE_q vjcl Ogxy) We getthaty, y1, y2) is an(i, j)-QHC.
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REZIUME

I. Dochviri. Kai kurios bitopologiniu QHC erdviu savybes
ISnagrireta keletas svarbibitopologini QHC erdvy savybi. Pavyzdziui, apieut erdvid baziny aibiy
antrja kategorig, apie beveik Bero savehr pan.



