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Abstract. Some important questions connected with bitopological QHC spaces are investigated. New con-
ditions are found, under which such spaces are compact with respect to one component of the topology. It
is shown that a pairwise extremal disconnected bitopological QHC space isS-closed in the sense of [4].
Theorems on the second category of a base set and on the almost Baire property of bitopological QHC
spaces are proved. Also, several properties of QHC bitopological spaces are found under some known
bitopological mappings.
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1. INTRODUCTION AND PRELIMINARIES

The basic concepts of bitopological spaces are introduced in [12] as a tool of in-
vestigating quasimetric spaces. According to [12], by a bitopological space (briefly
bispace) we understand a triple(X, τ1, τ2), where topologiesτ1 and τ2 are defined
on a base setX. In asymmetric topology, bitopological spaces play a key role along
with quasiproximity and quasiuniform spaces (see, e.g., [13]). The investigation of
bitopological structures makes it possible to characterize a great number of asymmet-
ric objects that have been left outside the framework of classical (symmetric) topology.
Moreover, the bitopological methods of investigation are successfully used in other
mathematical disciplines (see, e.g., [7], [11], [13], [14], etc.).

In this paper, we study some important properties of quasi H-closed (briefly, QHC)
bispaces. Keeping in mind the fact that H-closed topological spaces are the object of
numerous investigations in general topology and that vast fundamental knowledge has
been accumulated in this direction, here we make an attempt to deepen the interest
in studying such spaces. The notion of a QHC bispace was first introduced in [16],
as a natural generalization of a H-closed topological space. Interesting results and
sufficiently comprehensive characterizations of QHC spaces can be found in [6], [16],
[17], etc.

In Section 2, we present some new structural properties of QHC spaces and also
discuss their behavior under the known bitopological mappings.

Our main sources of reference are [2], [8] for topological spaces and [7] for bitopo-
logical ones.
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Throughout the paper, we use the following notation: the interior and closure of a set
A ⊂ X with respect to the topologyτi are denoted byτiintA andτiclA, respectively,
wherei ∈ {1;2}. If O is open inτi , then we writeO ∈ τi , while, for theτi -closed set
F , we use the notationF ∈ coτi (in this case, for brevity,O andF are meant also as an
i-open and ani-closed set, respectively). Denote byτ ∗

i = τi ∩ A the topology induced
on the setA from theτi . The family of all i-open neighborhoods of a subsetM of
the bispace(X, τ1, τ2) is denoted by

∑X
i (M), and the class of alli-dense subsets by

i − D(X). The family of alli-nowhere dense sets is denoted byi − ND(X). We write
X ∈ i − CatgI (or X ∈ i − CatgII ), when the basic setX of (X, τ1, τ2) is of the first
(or second category).

The following families of sets play a special role below:(i, j) − RO(X) =
{A|A = τiintτj clA} and (i, j) − RC(X) = {A|A = τiclτj intA} denote the classes
of (i, j)-regularly open and(i, j)-regularly closed sets of the bispace(X, τ1, τ2);
(i, j) − SO(X) = {A|A ⊂ τj clτiintA} is the class of all(i, j)-semiopen sets, and
the members ofi − Clp(X) = {A|A ∈ τi ∩ coτi} are said to be clopen sets. In [5],
we introduce and apply to the study several bitopological properties of the class of
special-type sets: a setA ⊂ X is saidp-open if it can be represented as the intersection
of two different setsA1 ∈ τ1\{∅;X} andA2 ∈ τ2\{∅;X}. According to [17], a subset
A of (X, τ1, τ2) satisfies the conditionCij iff τiclτj intA ⊂ τj clτj intA. In our consid-
erations, a restricted case of this property is presented. Naturally, if the propertyCij

is possessed only by(i, j)-regular closed sets, then we say that(X, τ1, τ2) satisfies the
Cij (RC)-condition.

Next, in several results, we apply few important notions on bitopological struc-
tures, which are completely concerned in [7]. A bispace(X, τ1, τ2) is said to be(i, j)-
regular if, for a pointx ∈ X and a setx /∈ F ∈ coτi , there are disjoint setsU ∈ ∑X

i (x)

andV ∈ ∑X
j (F ) [12]. It can be easily to verify that a bispace(X, τ1, τ2) is (i, j)-

regular iff, for every pointx ∈ X and anyU ∈ ∑X
i (x), there existsV ∈ ∑X

j (F )

such thatτj clV ⊂ U . Usually, a bispace(X, τ1, τ2) is called to be(i, j)-semiregular
(brief. (i, j) − SR) if, for every G ∈ τi , there isV ∈ (i, j) − RO(X) such that
V ⊂ G. Suppose that, for any pointx ∈ X and everyG ∈ ∑X

i (x), there exists
x ∈ V ∈ (i, j) − RO(X) such thatV ⊂ G. Then we say that(X, τ1, τ2) is locally
(i, j)-semiregular bispace (brief.(i, j) − LSR). (X, τ1, τ2) is calledp-Urysohn (resp.
almost orA-(i, j)-Urysohn) if, for every pair of different points(x;y) ∈ X2, there
exists neighborhoodsU ∈ ∑X

i (x) and V ∈ ∑X
j (y) (resp.V ∈ ∑X

i (y)) such that
τj clU ∩ τiclV = ∅ (resp.τj clU ∩ τj clV = ∅). It is well known that the peculiarity of
extremal disconnectedness makes important connections between several topological
constructions . Bitopologically modified spaces of this topological notion have many
interesting applications (see, e.g., [15], [7]). According [15], a bispace(X, τ1, τ2) is
called to bep-extremally disconnected (brief.p-E.D.) if τj clO ∈ τi , for anyO ∈ τi . It
can be easily to verify that(X, τ1, τ2) is p-E.D. iff τiclO1 ∩ τj clO2 = ∅ for any pair
of disjoint setsO1 ∈ τj andO2 ∈ τi .



188 I. Dochviri

2. THE MAIN RESULTS

A bispace(X, τ1, τ2) is called(i, j)-QHC if any coveringV = {Oα ∈ τi}α∈� of X con-
tains a finite subfamilyV ′ = {Oαk

∈ V }k=1;n such thatX = ∪n
k=1 τj clOαk

[16], [17]. It
is known that(X, τ1, τ2) is (i, j)-QHC iff any centered system{Uα ∈ τi}α∈� satisfies
the condition∩α∈� τj clUα �= ∅ [16]. It is obvious that everyi-compact bispace is an
(i, j)-QHC but the opposite does not hold in general.

Before formulating our first result, we take into account two important known the-
orems on QHC bispaces. One of these theorems establishes a connection between
compactness and QHC.

THEOREM 2.1 [16]. Let a bispace (X, τ1, τ2) be (i, j)-QHC and (i, j)-regular.
Then it is an i-compact.

The other, not less interesting, theorem gives conditions under which a subspace of
the QHC-bispace is QHC.

THEOREM 2.2 [17]. Let an (i, j)-QHC bispace (X, τ1, τ2) satisfy the Cij (RC)-
property. Then, for any A ∈ (i, j) − RC(X), a subspace (A, τ ∗

1 , τ ∗
2 ) is an (i, j)-QHC.

Based on the above-mentioned theorems and using the constructions from [2] to
investigate H-closed topological spaces, we have established new conditions for QHC
bispaces to be compact.

THEOREM 2.3. Let an (i, j)-QHC bispace (X, τ1, τ2) be (i, j) − SR, A − (i, j)-
Urysohn, and having the Cij (RC)-property. Then it is i-compact space.

Proof. We first must show that(X, τ1, τ2) is (i, j)-regular. To this purpose, con-
sider a pointx0 ∈ X and its arbitrary neighborhoodO(x0) ∈ ∑X

i (x0). Then from
the (i, j) − SR property of(X, τ1, τ2) it follows O ′(x0) ∈ (i, j) − RO(X) such that
O ′(x0) ⊂ O(x0). SinceM ≡ X\O ′(x0) ∈ (i, j) − RC(X), Theorem 2.2 yields that
(M, τ ∗

1 , τ ∗
2 ) is an(i, j)-QHC subspace. Now for each pointx ∈ M andx0 ∈ X con-

sider setsU(x) ∈ ∑X
i (x) andUx(x0) ∈ ∑X

i (x0) such thatτj clU(x) ∩ τj clUx(x0) =
∅. Obviously, from the coveringF = {U(x)}x∈M we can choose a finite subfam-
ily F0 = {U(xk)}k=1;n ⊂ F such thatM ⊂ ∪n

k=1 τj clU(xk). By taking into con-
sideration the neighborhoods{Uxk

(x0)}k=1;n of the point x0 ∈ X, we note that
τj clUxk

(x0) ∩ τj clU(xk) = ∅ or, equivalently,τj clUxk
(x0) ⊂ X\τj clU(xk) for ev-

ery k = 1;n. Let us suppose thatO ′′(x0) ≡ ∩n
k=1 Uxk

(x0) ∈ τi ; thenx0 ∈ O ′′(x0) ⊂
τj clO

′′(x0). Since the inclusionτj clUxk
(x0) ⊂ X\τj clU(xk) holds for∀k = 1;n, we

have that∩n
k=1 τj clUxk

(x0) ⊂ ∩n
k=1(X\τj clU(xk)). Hence, we haveτj clO

′′(x0) =
τj cl(∩n

k=1 Uxk
(x0)) ⊂ ∩n

k=1 τj clUxk
(x0) ⊂ ∩n

k=1(X\τj clU(xk)) ⊂ X\M = O ′(x0) ⊂
O(x0), and, consequently, the(i, j)-regularity of(X, τ1, τ2) is established. Finally, by
Theorem 2.1 the compactness of the space(X, τi) follows.

It is known that a space(X, τ) is submaximal iffD(X) ⊂ τ\∅ (some important
properties of such spaces are given, for example, in [3]). Using this topological notion
of submaximality, we claim the following theorem on second category.
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THEOREM 2.4. Let a bispace (X, τ1, τ2) be the (i, j)-QHC and i-submaximal.
Suppose that, for every set O ∈ τi\∅, there exists U ∈ τi\∅ such that τj clU ⊂ O .
Then the set X ∈ i − CatgII .

Proof. Suppose thatX ∈ i −CatgI , i.e.,X = ∪∞
n=1 An, whereAn ∈ i −ND(X) for

everyn ∈ N. From the implicationAn ∈ i−ND(X) it follows thatDn ≡ (X\An) ∈ i−
D(X) and by the submaximality of(X, τi) we haveDn ∈ τi . The conditions directly
imply the existence of a setU1 ∈ τi\∅ such thatτj clU1 ⊂ D1 with U1 ∩ D2 ∈ τi\∅.
Consequently, for the setU1 ∩D2 ∈ τi\∅, there isU2 ∈ τi\∅ such thatτj clU2 ⊂ U1 ∩
D2 ⊂ D2. Continuing this process, we obtain a sequence of sets{Un|Un ∈ τi\∅}n∈N

such thatU1 ⊃ U2 ⊃ · · ·, whereτj clUn ⊂ Dn for anyn ∈ N. It is obvious that{Un}n∈N

is a centered family ofi-open sets. Since(X, τ1, τ2) is an(i, j)-QHC bispace, we have
that∩∞

n=1 τj clUn �= ∅. Therefore,∩∞
n=1 Dn �= ∅, a contradiction to our assumption.

Now we will establish another interesting connection between(i, j)-QHC and al-
most(i, j)-Baire spaces (brief.A − (i, j)-Baire space). Some characterizations of the
Baire property in the bitopological case can be found in [1], [5], [7] and [10]. To
avoid confusion, we use the definition of the almost Baire property from [7]. The bis-
pace(X, τ1, τ2) is said to beA − (i, j)-Baire, iff any sequence of setsF = {Gn|Gn ∈
τj ∩ i − D(X)}n∈N satisfies the condition∩n∈N Gn ∈ i − D(X).

THEOREM 2.5. Let a bispace (X, τ1, τ2) be (i, j)-QHC. Suppose that, for every
p-open set O ⊂ X, there exists G ∈ τi such that τj clG ⊂ O . Then (X, τ1, τ2) is A −
(i, j)-Baire bispace.

Proof. Consider any family{Un ∈ τj ∩ i − D(X)}n∈N and define by induction a
sequence{Vn ∈ τi}n∈N such thatτj clVn ⊂ Un for ∀n ∈ N with V1 ⊃ V2 ⊃ · · ·. Sup-
pose thatW ∈ τi is an arbitrary nonempty set. SinceUn ∈ i − D(X), there exists
V1 ∈ τi such thatτj clV1 ⊂ W ∩ U1 �= ∅. Consequently,V1 is constructed. The second
step of the induction requires the assumption that the setsVn are well-defined, just as
above, for alln ≤ k. Therefore, we take asVk+1 an arbitrary setVk+1 ∈ τi such that
τj clVk+1 ⊂ Vk ∩Uk+1 �= ∅. By such an algorithm the setsVn, n ∈ N, can be also con-

structed in a similar way. It can be easily seen thatW ∩
(

∩∞
n=1 Un

)
⊃ ∩∞

n=1 τj clVn;

moreover, the family{Vn ∈ τi}n∈N represents the centered system in(X, τ1, τ2). Since

(X, τ1, τ2) is (i, j)-QHC, we have∩∞
n=1 τj clVn �= ∅, i.e., W ∩

(
∩∞

n=1 Un

)
�= ∅ for

anyW ∈ τi , and this yields that∩∞
n=1 Un ∈ i − D(X).

The notion of an(i, j)−S-closed space is given in [4], where some of its properties
are also studied. In the definition of QHC bispace replacing ani-open covering by an
(i, j)-semiopen covering, we come to the notion of an(i, j) − S closed space. Below
we show how(i, j) − S closed and(i, j)-QHC spaces are related to each other.

THEOREM 2.6. If a bispace (X, τ1, τ2) is both (i, j)-QHC and p − E.D., then it
is (i, j) − S closed.
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Proof. Let us consider an arbitrary covering{Uα|Uα ∈ (i, j) − SO(X)}α∈� of X.
Then, for everyUα ∈ (i, j) − SO(X), the familyW = {Wα = τj clτiintUα}α∈� also
coversX. From thep − E.D. of (X, τ1, τ2) it follows thatWα ∈ τi for everyα ∈ �.
Since(X, τ1, τ2) is (i, j)-QHC, from the coverW one can choose some finite sub-
family {Wαk

∈ W }k=1;n such thatX = ∪n
k=1 τj clWαk

, i.e.,X = ∪n
k=1 τj clτiintUαk

=
∪n

k=1 τj clUαk
.

To continue, we will investigate, from the standpoint of dynamics, the behavior of
QHC spaces under various known bitopological mappings. According to [12], a map
f : (X, τ1, τ2) → (Y, γ1, γ2) is said to bep-continuous if bothf : (X, τ1) → (Y, γ1)

andf −1: (X, τ2) → (Y, γ2) are continuous maps.

THEOREM2.7. Let (X, τ1, τ2) be an (i, j)-QHC bispace and a map f : (X, τ1, τ2) →
(Y, γ1, γ2) be a p-continuous surjection. Then (Y, γ1, γ2) is a (i, j)-QHC bispace.

Proof. Consider any coveringU = {Oα|Oα ∈ γi}α∈� of (Y, γ1, γ2). Then, ob-
viously, the family of i-open setsW = {f −1(Oα)|Oα ∈ U}α∈� covers the space
(X, τ1, τ2). Therefore, the covering W contains some finite subfamily
{f −1(Oαk

)}k=1;n such thatX = ∪n
k=1 τj clf

−1(Oαk
). By thej -continuity of the map

f yields thatY = f (∪n
k=1 τj clf

−1(Oαk
)) = f (τj clf

−1(∪n
k=1 Oαk

)) ⊂ ∪n
k=1 γj clOαk

,
i.e., the bispace(Y, γ1, γ2) is (i, j)-QHC.

In Theorem 2.8, we use the following fact: If, in an(i, j)-regular bispace(X, τ1, τ2),
a set A ∈ j − Clp(X), then (A, τ ∗

1 , τ ∗
2 ) is (i, j)-regular, as one can easily ver-

ify. Moreover, for bitopological mappings,we need the following useful notion. Let
f : (X, τ1, τ2) → (Y, γ1, γ2) be a p-continuous bijective action together withp-
continuousf −1: (Y, γ1, γ2) → (X, τ1, τ2). Thenf is calledp-homeomorphism. Here
we give conditions under which thej -homeomorphy off implies itsp-homeomorphy.

THEOREM 2.8. Consider bispaces (X, τ1, τ2) and (Y, γ1, γ2), where (X, τ1, τ2)

is (i, j) − LSR and (i, j)-QHC with the Cij (RC)-property and (Y, γ1, γ2) is i-
Hausdorff and (i, j)-regular. Let a j -homeomorphism f : (X, τ1, τ2) → (Y, γ1, γ2) be
i-continuous, and let f (A) ∈ j −Clp(Y ) for every A ∈ (i, j)−RC(X). Then the map
f is a p-homeomorphism.

Proof. Our main purpose is to show thei-openness of the mapf , i.e., thatf (O) ∈
γi for everyO ∈ τi . If we fix an arbitrary setO ∈ τi and a pointy ∈ f (O), then there
exists a pointx ∈ O such thaty = f (x). The (i, j) − LSR property of(X, τ1, τ2)

implies the existence of a setx ∈ V ∈ (i, j) − RO(X) such thatV ⊂ O. Moreover,
y ∈ f (V ) ⊂ f (O). Now we shall show thatf (U) ∈ γi for everyU ∈ (i, j) − RO(X).
By Theorem 2.2 this implies that the induced subspace(G, τ ∗

1 , τ ∗
2 ) is an (i, j)-

QHC, whereG ≡ X\U ∈ (i, j) − RC(X). SinceM ≡ f (G) ∈ j − Clp(Y ), this di-
rectly yields that(M,γ ∗

1 , γ ∗
2 ) is (i, j)-QHC. Moreover, we have that(M,γ ∗

1 , γ ∗
2 )
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is an (i, j)-regular bispace. Therefore, Theorem 2.1 implies that(M,γ ∗
i ) is an i-

compact subspace in the Hausdorff space(Y, γi). Therefore,M ∈ coγi , or, equiv-
alently, f (X\U) ∈ coγi and f (U) = Y\f (X\U) ∈ γi , respectively. Obviously, the
implicationsy ∈ f (V ) ∈ γi andf (O) ∈ γi are valid.

A mapf : (X, τ1, τ2) → (Y, γ1, γ2) is called(i, j) − θ continuous if for any point
x0 ∈ X and every neighborhoodU ∈ ∑Y

i (y0) of the pointy0 = f (x0), there exists
V ∈ ∑X

i (x0) such thatf (τj clV ) ⊂ γj clU (see, e.g., [7]).
As in [5], we call a setK to bep-dense in a bispace(X, τ1, τ2) if, for any point

x ∈ X and itsp-open neighborhoodW(x) we haveW(x) ∩ K �= ∅ (brief. K ∈ p-
D(X)).

PROPOSITION 2.1. Let a map f : (X, τ1, τ2) → (Y, γ1, γ2) satisfy the condition
f (X) ∈ p − D(Y), and let the maps g,h: (Y, γ1, γ2) → (Z,ω1,ω2) be (i, j) − θ and
(j, i)− θ continuous, respectively. If (Z,ω1,ω2) is a p-Urysohn bispace, then g ◦f =
h ◦ f implies g = h.

Proof. Suppose thatg(y) �= h(y) for some y ∈ Y . Then there are setsU ∈∑Z
i (g(y)) and V ∈ ∑Z

j (h(y)) such thatωjclU ∩ ωiclV = ∅. Sinceg and h are

(i, j) − θ and (j, i) − θ continuous maps, respectively, then there areU ′ ∈ ∑Y
i (y)

andV ′ ∈ ∑Y
j (y) such that the inclusionsg(γj clU

′) ⊂ ωjclU andh(γiclV
′) ⊂ ωiclV

are valid. It is clear thaty ∈ W ≡ U ′ ∩ V ′ and thatW is a p-open set. Note that
g(γj clW) ⊂ ωjclU andh(γiclW) ⊂ ωiclV . Sincef (X) ∈ p − D(Y), we have that
W ∩ f (X) �= ∅, i.e., there exists a pointx ∈ X such thatf (x) ∈ W . By the inclusions
g(W) ⊂ ωjcl U andh(W) ⊂ ωiclV , it follows thatg(f (x)) ∈ ωjclU andh(f (x)) ∈
ωiclV . Therefore, fromωjclU ∩ ωiclV = ∅ it follows that (g ◦ f )(x) �= (h ◦ f )(x).
This contradiction shows thatf = g.

Finally, from bitopological point of view, we present a version of a result of Fomin
[9].

THEOREM 2.9. Let (X, τ1, τ2) be an (i, j)-QHC bispace, and let f : (X,τ1,τ2)→
(Y, γ1, γ2) be an (i, j) − θ continuous surjection. Then (Y, γ1, γ2) is an (i, j)-QHC
bispace.

Proof. Let {Oα ∈ γi}α∈� be some cover of(Y, γ1, γ2). Then, for every pointx ∈ X,
there exists an indexα(x) ∈ � such thatf (x) ∈ Oα(x). By the (i, j) − θ continuity
of the mapf , there existsV (x) ∈ ∑X

i (x) such thatf (τj clV (x)) ⊂ γj clOα(x). It is
clear that from ani-open cover{V (x)}x∈X of (X, τ1, τ2) one can choose a finite sub-
family {V (xk)}k=1;n ⊂ {V (x)}x∈X such thatX = ∪n

k=1 τj clV (xk). SinceY = f (X) =
∪n

k=1 f (τj clV (xk)) ⊂ ∪n
k=1 γj clOα(xk) we get that(Y, γ1, γ2) is an(i, j)-QHC.
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Išnagriṅeta keletas svarbi
↪
u bitopologini

↪
u QHC erdvi

↪
u savybi

↪
u. Pavyzdžiui, apie t

↪
u erdvi

↪
u bazini

↪
u aibi

↪
u

antr
↪
aj

↪
a kategorij

↪
a, apie beveik Bero savyb

↪
e ir pan.


