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Packed beds formedby granularmaterials are theheart ofmany engineering and scientific applications. For a bet-
ter understanding of transport processes occurring in such porousmediums, first the structural characteristics of
packed beds should be known. The discrete element method (DEM) has been used widely as a powerful and re-
liable tool to study packed beds formed by granularmaterials. In all DEM-basedmodels, the number of particles is
a limiting factor as the computational time increases with the number of particles. To overcome this issue, it is
common to neglect small particles in the bed. However, due to missed small particles, the porosity of the packed
bed is underestimated. This has an impact on the fluid flow and consequently the heat and mass transfer in
the bed.
In the present work, a relation between the diameter of the smallest particle in a packed bed and the porosity of
the bed is formed by performing a series of well-defined DEM simulations. This relation gives the possibility to
consider the effect of small particles on the porosity of the bed without considering them in the computational
domain. The results showed that the bed porosity decreases with decreasing the size of the smallest particle.
Moreover, it was shown that the relation between the core porosity of the bed and the smallest particle size in
the bed can be described by a fractal law.

© 2022 Elsevier Ltd. All rights reserved.
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1. Introduction

In many scientific research and engineering applications, porous
media in form of granular material is the heart of the system such as
drying technology [1], biomass conversion [2], CO2 capture [3],
thermochemical heat storage [4], chemical reactors and geology [5]. In
most of these applications, fluid flow or even multiphase flow is
extensively used. For a better understanding of transport processes
occurring in such porous mediums, first the structural characteristics
of packed beds should be known [6]. Nonuniform distribution of the
porosity in a randomly packed bed has a significant impact on the
flow distribution, pressure drop, heat and mass transfer between fluid
and solid phase, especially near the wall region [7–9].

The porosity distribution in a randomly packed bed depends on the
packed bed particle size distribution. The Rosin-Rammler size distribu-
tion (also called Rosin-Rammler-Sperling-Bennett [10] or Weibull dis-
tribution) [11] is one of the most well-known and popular distribution
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functions used to describe size distributions of particles generated by
fragmentation processes, such as grinding, milling, crushing operations,
and also in volcanic and even astronomical applications [12]. Another
popular model for describing particle size distribution is the Gates-
Gaudin-Schuhmann model, which has been used in the metalliferous
mining industry since 1940 due to its simplicity and clarity [13,14].
The Swebrec and Rosin-Rammler models accurately predicted the par-
ticle size distributions of metallurgical coke grinding products [15]. To
model naturally occurring sediments, the log-hyperbolic and skew
log-Laplace size distribution functions were proposed [16,17]. The log-
normal distribution (also called Galton's distribution) [10] is often
used to model the particle size distribution of aquatic particles, pulver-
ized material, and aerosols.

There are many experimental investigations to get a good insight
into the structure of packed beds [5,18–22]. There are different experi-
mental methods to determine the porous structure of a packed bed
such as slice-cutting on a lathe [23], using radiography [24], magnetic
resonance imaging [25], fluorescence [26] and X-ray tomography [19,
20]. The last method can determine the void space with high resolution
however; it requires dedicated and costly equipment. Seckendorff et al.
[19] performed a comprehensive X-ray tomography on mono-sized
spheres in cylindrical container with tube-to-particle diameter ratios
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Fig. 1. Distribution of particles size fraction volume.
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λ = 3.0 to 9.0. X-ray tomography has its own limitations such as long
scanning time, sample size and low resolution in large samples. There-
fore, it cannot be used to study big packed beds, large number of sam-
ples and wide range of scales in one sample due to resolution issue
(depending on the equipment).

Numerical modelling has been developed significantly in past de-
cades to fill this gap. Discrete element method (DEM) has been used
widely as a powerful and reliable tool to study the structure of packed
beds [9,27–30]. Combination of Computational fluid dynamic (CFD)
with DEM as an advance numerical modelling approach [31,32] offers
the opportunity to model multiphase flow through a packed bed and
study the heat and mass transfer between different phases with high
degree of details [33–35]. This approach has beenused inmany research
and engineering fields such as drying [36], pyrolysis and combustion in
the packed bed of biomass [37–39], blast furnace [40,41], pharma indus-
try [42], heat storage [43]. Next to CFD-DEM, there a simplified numer-
ical modelling approach of multi-phase flow through a packed bed (i.e.
continuummechanics [44–46]). Although continuummethods are suit-
able tools, but is not applicable for all cases ormiss accuracy. Continuum
mechanics models require particles size distribution, porosity and spe-
cific area which should be find experimentally. These are the main
drawbacks of continuum methods while in CFD-DEM approach can be
addressed easily.

In all DEM based models (i.e. including CFD-DEM), number of parti-
cles is a limiting factor as the computational time increases with the
number of particles. However, in most of engineering applications we
are dealingwith packed bedswithmillions of particles, which is not fea-
sible to consider them in the model. To overcome this issue, it is com-
mon to neglect small particles in the bed. This will reduce significantly
the total number of particles and consequently the computational
time. However, due to missed small particles, porosity of the packed
bed is underestimated. This will have impact on fluid flow and conse-
quently heat and mass transfer in the bed.

It would be a great advantage if amodel of the bed porosity can offer
both reasonable simulation time and high level of accuracy. This is the
goal of present study. The main objective of this work is to investigate
a possibility to construct a relation between the diameter of the smallest
particle in a packed bed and the porosity of the bed. This relation gives
the possibility to take into account the effect of small particles on the
porosity of the bed without considering them in the computational do-
main of a CFD-DEMmodel. This reduces significantly the computational
time and consequently brings CFD-DEMmodels one step further to sim-
ulate large scale engineering problems.

2. Method

A number of approaches have been applied for describing dynamics
of granularmatterwith a varying degree of success [38]. TheDiscrete el-
ementmethod (DEM) proved to be themost accurate, besides, it is sim-
ple to implement. In this time-driven method, granular material is
regarded as a system of a finite number N of particles with a given
shape and visco-elastic material properties. The motions and collisions
of each separate particle are tracked using the systemof dynamics equa-
tions derived from the classical Newtonian mechanics approach based
on the Newton's second law for translation and rotation of each particle
in the granularmaterial. The angular orientations are ignored for spher-
ical particles.

The equations of motion are integrated, using the 6th–order Gear
predictor–corrector scheme [38]. The current state of all particles, all
the forces andmoments acting on each particle, at the time t, are evalu-
ated and updated after fixed time step Δt, which is much smaller than
the smallest time of impacts. Particles are treated as contacting visco-
elastic bodies which shapes can overlap each other instead of body de-
formation. Contact forces depend on the overlap geometry, dynamics
parameters and material properties of the particles. Both the tangential
andnormal components of the repulsion forcewith visco-elasticmodels
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for energy dissipation and friction are included in the contact forces
[30].

The motion of particles is limited by the box made up of flat rectan-
gularwalls. Hence, two types of collisionsmust be treated: between two
particles or between a particle and a flat wall. Walls are treated as par-
ticles, therefore impacts betweenwalls and particles are resolved by the
same force model, only the geometric relations for calculating the nor-
mal and tangential force components and the overlap depth need spe-
cial derivation. All the walls in this model are rectangular and flat with
the mass and the radius of wall curvature being infinite. Wall motions
are deterministic and wall deformations are not taken into account.

A more detailed description of the DEMmodel used for this type of
numerical simulations, aswell as treatment of collisions between spher-
ical particles and flat walls, is presented in [30,38,47].

3. Setup of the numerical experiment

Packing of wood chips approximated by spheres was investigated.
The distribution of wood chips size was defined according to [48].
Each mass/volume fraction of wood chips (Fig. 1) was approximated
by spherical particles according to volume Vf and number Nf of mean
particle in the each fraction, as it is listed in Table 1. Size of the biggest
particles was defined as Dmax = 18.24 mm. Number of particles in
each fraction was calculated by division of fraction volume by volume
of spherical particle representing mean particle in this fraction, while
the total volume of all fractions is 8.72 ∙ 10−3 m3.

Eight sets of particles have been considered in this work with size
range of 0.53 mm ≤ Df ≤ 18.24 mm. The largest particle diameter is
the same in all sets (i.e. 18.24 mm), while the smallest particle
diameter varies in different sets (i.e. from 0.53 mm to 18.24 mm). As
an example, the first set is formed by particles from the entire range
(Df ∈ [0.53 mm,18.24 mm]), while the second set is formed by
particles in this range: Df ∈ [1.76 mm,18.24 mm]. The last set includes
only particles with a diameter of Df = Dmax = 18.24 mm. Let us note,
that the dependency of the cumulative volume of the set of particles
fractions on the smallest particles fraction Dmin included into the set
can be approximated as follows (Fig. 1):

Vcum Dminð Þ ¼ ∑Dmax
Df¼Dmin

Vf Df
� � ¼ ∑Dmax

Df¼Dmin
Nf

4
3
π

Df

2

� �3

¼ aV þ bV ∙Dmin

ð1Þ

with aV = 0.0088173 and bV = − 0.17563.



Table 1
Distribution of spherical particles of different sizes.

Fraction,
[mm]

Fraction
volume, Vf, [m3]

Spherical particles
diameter, Df, [mm]

Number of spherical
particles in fraction, Nf

D ≥ 10 5.672 ∙ 10−3 18.24 1785
10 > D ≥ 8 0.93 ∙ 10−3 10.52 1526
8 > D ≥ 5 0.969 ∙ 10−3 8.64 2869
5 > D ≥ 4 0.104 ∙ 10−3 6.90 604
4 > D ≥ 3.15 0.255 ∙ 10−3 5.21 3444
3.15 > D ≥ 2 0.341 ∙ 10−3 2.81 29,351
2 > D ≥ 1 0.239 ∙ 10−3 1.76 83,865
D < 1 0.208 ∙ 10−3 0.53 2,662,294
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Packing of spherical particles was numerically simulated in the box
of size 0.2 m width in x direction, 0.2 m length in y direction and up to
2 m height in z direction depending on requirements.

The gravity acceleration vector g
!
in the laboratory frame of refer-

ence is directed downwards along the z axis: g
! ¼ 0, 0, � 10f gm=s2.

The relevant mechanical properties of the particle material are listed
in Table 2.

Case of set particles fractions with Dmin = 0.53 mm (D < 1 mm
in Table 1) was excluded from simulations due to too big
number of particles in the fraction of smallest particles, because
a simulation of this case would take enormous computing
resources. Therefore only 7 sets of particles fractions with Dmin ∈
{1.76,2.81,5.21,6.90,8.64,10.52,18.24} mm were simulated.

Hook's contact law was used to describe the normal contact force.
The full time of elastic contact for the simulated smallest particles
(Df = 1.76 mm) was estimated as 2.1 ∙ 10−5 s and 1.5 ∙ 10−4 s for the
biggest particles (Df = 18.24 mm), so the time step was choose from
Δt = 10−7 s to Δt = 10−6 s, depending on the case, in order to ensure
that the impact between particles is resolved in more than 20 time
steps at least.

The particles packing was obtained by simulating free falling parti-
cles under gravity. For this purpose, a rectangular lattice consisting of
cubic cells was introduced at the top of the simulation box; the size of
each cubic cellwas equal to the diameter of the biggest particle. The par-
ticles were then placed at the centres of the cells. This setup ensured
that the particles did not overlap in their initial configuration. Each par-
ticlewas assigned a random velocity and allowed to fall freely under the
presence of gravity. This process of falling and settling was simulated
until the particles come to the rest state. Initial random velocities en-
sured that the particles assume “random” positions after settling, rather
than aligning themselves in a crystal-like pattern, similar to that gener-
ated before settling.

It was simulated 38 cases of various particles sizes distributions
[Dmin,Dmax] for Dmin varying from 1.76 mm to Dmax = 18.24 mm
(Table 1). As it was mentioned above, the smallest fraction with
particles size D < 1 mm was not included due to limitations of
computing resources. The total number of particles in each case varied
from Np = 2000 up to Np = 60000 depending on minimal particles
Table 2
Mechanical properties of the particle material.

Parameter Notation Value Dimension

Diameter Df 1.76–18.24 mm
Density ρ 500 kg/m3

Elastic modulus E 100 MPa
Poisson modulus σ 0.2 –
Normal dissipation coefficient γn 100 1/s
Shear modulus G 30 MPa
Shear dissipation coefficient γt 100 1/s
Rolling resistance coefficient kroll 0 –
Dynamic friction coefficient μ 0.8 –
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size, and resulting height of the packed bed was from 0.16 m up to
1.51 m.

Fig. 2 shows the visual packing patterns of spheres with different
smallest particles size Dmin = 1.76 mm (Np = 60000) and Dmin =
Dmax = 18.24 mm (Np = 2000).

3.1. Final state randomness

In order to estimate the randomness of the final state packing, the
size segregation of the particles was estimated by a parameter based
on the correlation between the particle position x and the particle size
D [30,47]:

S
!

tð Þ ¼ ∑3
k¼1 e

!
k

∑N
i¼1 Di � ⟨D⟩ð Þ xk,i tð Þ � ⟨xk tð Þ⟩� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑N

i¼1 Di � ⟨D⟩ð Þ2
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

∑N
i¼1 xk,i tð Þ � ⟨xk tð Þ⟩� �2q ð2Þ

where e
!
k is the unit vector of k-th coordinate axis, xk, i is k-th compo-

nent of the position vector of i-th particle x
!
i (x1, i ≡ xi, x2, i ≡ yi, x3, i ≡

zi), ⟨f⟩ is average value of any parameter f of the particle:

⟨f ⟩ ¼ 1
Np

∑Np

i¼1f i ð3Þ

Assuming segregation direction of interest is defined by the unit vec-

tor n
!

s the segregation along this direction is hence characterised by a
scalar value

S tð Þ ¼ S
!

tð Þ∙n!s ð4Þ

For a vertical casewhich is analysed in the present case, the direction

of interest is along the gravity vector, therefore n
!
s ¼ � g

!
= g

!��� ��� and the

scalar equivalent of the parameter defined in Eq. (2) is

S tð Þ ¼ S
!

tð Þ∙ � g
!

g
!��� ��� ð5Þ

Using this definition, S(t) > 0 if larger particles accumulate over the
smaller ones (the “Brazilian nut” effect) and S(t) < 0 for the reverse
“Brazilian nut” effect. Maximum possible value is S = 1, and minimum
possible value is S = − 1.

Finally, the segregation parameter S value of all simulated cases
varies from −0.03 to 0.05 (Fig. 3), what corresponds to a nearly-
uniform (unsegregated) state of the granularmedia. For cases including
small particles, some segregation can be identified: smaller particles
tend to collect on the bottom, and bigger particles - on the top, what
can be additionally confirmed by view of the packed bed in Fig. 2 (a).

3.2. Porosity estimation

The volume of the simulation box was divided into test cells of size
Δε = 0.0005 m for the case of Dmin = 1.76 mm and Δε = 0.001 m for
all other cases. Nshots = 1000 points (shots) were evenly distributed in
each cell and tested on being inside of any particle or void space. The
porosity of the cell having centre position (x,y,z) was defined as ratio
of points Nvs being in void space with total number of points Nshots =
1000:

ε x, y, zð Þ ¼ Nvs

Nshots
ð6Þ

Finally, in order to avoid the influence of the packed bed top surface,
box bottom and surrounding side walls on near wall porosity variation
[9,49], mean core porosity ε was estimated in the core of the packed
bed:



a) b) 

Fig. 2. Packing of particles with different fractions: a) Dmin = 1.76 mm (Np = 60,000), b) Dmin = Dmax = 18.24 mm (Np = 2000).
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ε ¼ 1
Vcore

Z
Vcore

ε x, y, zð ÞdV ð7Þ

where Vcore is the volume of area inside the packed bed core defined in a
distanceΔcore=3 ∙ Dmax =55mm from the surrounding side walls and
both the bottom and the top of the packed bed.

4. Results

Finally, the dependency of the wood chips packed bed, consisting of
size fractions listed in Table 1, core porosity ε on size of smallest parti-
cles in a fraction Dmin is depicted in Fig. 4. For each case of Dmin/Dmax

several simulations with different particles number, and consequently
with different particle total volumes, were simulated and resulting
average value of the core porosity ε was calculated. The core porosity
of the monodisperse packing of the packed bed containing only the
biggest particles (Df = Dmin = Dmax = 18.24 mm) is in range of 0.378
− 0.393 with average value ε ¼ 0:389, which is close to value 0.38
reported in [9,49].
Fig. 3. Particles size segregation S for all simulated cases.
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As it was expected for the polydisperse case (Df ∈ [Dmin,Dmax],Dmin∈
{1.76,2.81,5.21,6.90,8.64,10.52} < Dmax = 18.24 mm), the core porosity
decreases with decreasing Dmin size of the smallest particle fraction,
because smaller particles tend to fill up void space between bigger
particles. For the case of the polydisperse packed bed consisting of size
fractions up to the smallest simulated particle diameter Dmin =
1.76 mm (Dmin/Dmax = 0.096 ≈ 0.1), the core porosity has an
approximate value of 0.28, which is less than the obtained value 0.33
for the Rosin-Rammler size distribution with the particle size ratios of
Dmin/Dmax = 0.1 and 0.2 [9], because the particles pack denser in case
of our particle size distribution.

Remarkably, the core porosity of the packed bed can be described by
fractal law (Fig. 5):

ε
Dmin

Dmax

� �
¼ aε þ bε ∙

Dmin

Dmax

� �n

ð8Þ
Fig. 4. Dependency of the packed bed core porosity ε on size of smallest particles in frac-
tion.



Fig. 5. Fractal dependency of the packed bed core porosity ε on size of smallest particles in
fraction.
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where n is a fractal dimension. The linear fitting of the simulated poros-
ity, with standard deviation σ = 0.00847, gives the fractal dimension
n = 0.328 and values for constants aε = 0.185 and bε = 0.205.

Consequently, if the law of porosity dependency on the smallest
fraction size is known, the porosity for the packed bed containing
smaller particles up to dust can be extrapolated as follows:

lim
Dmin!0

ε
Dmin

Dmax

� �
¼ aε ¼ 0:185 ð9Þ

5. Conclusions

Number of particles is a limiting factor for DEM simulations, as the
computational time increases with the number of particles. Therefore,
the numerical simulation of packed beds with millions of particles is
still not feasible. To overcome this issue, it is common to neglect small
particles in the bed. However, due tomissed small particles, the porosity
of the packed is underestimated, what has an impact on fluid flow and
consequently heat and mass transfer in the bed.

The present study demonstrates the dependency of the bed porosity
on the smallest particle size in a packed bed. This relation allows us to
extrapolate the bed porosity for a packed bed containing small particles
up to dust without considering them in the computational domain of a
coupled CFD-DEMmodel. Such approach significantly reduces the com-
putational time of a CFD-DEM numerical modelling.

The results showed that the bed porosity decreases with decreasing
the size of the smallest particle. Moreover, the core porosity of the bed
was described by fractal law. The obtained relation is applicable only
for a bed formed by spherical particles according to the size distribution
of chosen wood chips. However, this study demonstrates the possibility
to use the proposed approach for other types of granular materials.
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