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Abstract. This model describes the heat equation in 3D domains, and this problem is reduced to a
hybrid dimension problem, keeping the initial dimension only in some parts and reducing it to one-
dimensional equation within the domains in some distance from the base regions. Such mathemati-
cal models are typical in industrial installations such as pipelines. Our aim is to add two additional
improvements into this methodology. First, the economical ADI type finite volume scheme is con-
structed to solve the non-classical heat conduction problem. Special interface conditions are defined
between 3D and 1D parts. It is proved that the ADI scheme is unconditionally stable. Second, the
parallel factorization algorithm is proposed to solve the obtained systems of discrete equations. Due
to both modifications the run-time of computations is reduced essentially. Results of computational
experiments confirm the theoretical error analysis and scalability estimates of the parallel algorithm.

Key words: hybrid dimension model, ADI scheme, parallel factorization algorithm, heat
conduction, piplines.

1. Introduction

An important trend in development of mathematical models, simulating various real world
applications, deals with new type nonlocal boundary and conjugation conditions. The non-
locality mechanism helps to simulate important physical processes more accurately. Still
the existence and uniqueness of the solution, its stability is very sensitive to approximation
of such nonlocal boundary conditions and require development and analysis of special
discrete approximation techniques and modifications of implementation algorithms. As
one important example we mention the simulation of enzyme-catalysed glucose oxidation
and redox reactions over inhomogeneous surfaces (Skakauskas et al., 2018; Ciegis et al.,
2018).

It is a standard situation in applications of the mathematical modelling technique that
systems of nonstationary 3D differential equations should be solved. Even if state of the
art high-order discrete approximations are constructed on adaptive meshes, the total com-
plexity of the obtained computational algorithms is very large. It restricts our possibility to
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include such models into general optimization routines or to use them in real time decision
making applications.

Recently, a new important technique has been proposed to solve such applied problems
more efficiently. A model reduction technique is applied to avoid the effects of curse of
dimensionality. The given 3D heat conduction problem is reduced to a hybrid dimension
problem, keeping the initial dimension only in some parts of the domain and reducing it
to one-dimensional equation within the domains in some distance from the base regions.
Such mathematical models are typical in industrial installations such as pipelines.

Our aim is to add two additional improvements into this methodology. First, the eco-
nomical ADI type finite volume scheme is constructed to solve the non-classical heat
conduction problem. It is proved that the ADI scheme is unconditionally stable. Second,
the parallel factorization algorithm is proposed to solve the obtained systems of discrete
equations. Due to both modifications the run-time of computations is reduced essentially.

The method of partial dimension reduction was first introduced in Panasenko (1998)
and then developed in Panasenko (2005). It is based on the asymptotic analysis of a so-
lution of a partial differential equation set in a thin domain and on a projection of the
variational model formulation on a subspace of functions having a form of the asymptotic
expansion in all zones of regular behaviour of the solution. Then the dimension of the
problem is reduced within the big part of the domain keeping the full dimension descrip-
tion only in small zones of a singular behaviour of the solution.

Applying this approach a model with nonlocal junctions of one dimensional and full
dimensional equations is obtained. Note that nonlocal conjugation conditions make the
main challenges in development of effective parallel numerical methods for this class of
problems of hybrid dimension. Let us mention some papers where different techniques
were used to discretize the obtained hybrid mathematical model. A finite volume setting
was studied in Panasenko and Viallon (2015). The method of asymptotic partial decompo-
sition of the domain was compared with several existing methods of dimension reduction
in Amar and Givoli (2018) and its effectiveness with respect to the precision and time
of the execution is shown. In a recent paper (Ciegis e al., 2020) ADI type finite volume
scheme was considered for a 2D heat conduction problem.

However, the question about the most effective parallel numerical solvers for such
problems of hybrid dimension is still an important topic. Non-classical conjugation con-
ditions require to develop special solvers to get the discrete solutions. A straightforward
way is to solve the obtained systems of linear equations by using general iterative solvers,
e.g. well-known multigrid solvers. For multidimensional parabolic problems an alterna-
tive and most popular way is to use splitting methods (Hundsdorfer and Verwer, 2003;
Samarskii, 2001). It is well-known that in many cases ADI type methods are the best
selection.

Thus in this paper we have developed and analysed special efficient ADI schemes to
solve the hybrid 3D partial dimension reduction models for a nonstationary heat con-
duction problem. Our second goal is to propose efficient parallel implementations of the
constructed ADI schemes. All main topics required in the analysis of discrete schemes, i.e.
the approximation, positivity and stability of the solution are investigated. The accuracy
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of the reduced dimension model and the scalability of the parallel algorithms are tested in
a series of computational experiments.

The approximation error is investigated quite straightforwardly, since the regularity
of the solution and dependence of it on the reduction parameter § is known from results
given in Amosov and Panasenko (2018), Panasenko (2005). A more complicated step is
to investigate the stability of proposed parallel ADI schemes in the case of new non-local
conjugation conditions.

The rest of the paper is organized in the following way. In Section 2 the problem is
formulated. The nonstationary heat conduction equation is formulated in the 3D paral-
lelepiped and the initial and boundary conditions are specified. In this section also, the
partially reduced dimension model is constructed and an approximate solution is defined
by considering a simplified domain when 3D small size subregions are coupled with a 1D
line. The non-local conjugation conditions are defined at the truncations of the tube. In
Section 3 the full problem in the 3D domain is solved by using the ADI stability correction
scheme. It is proved that this scheme is unconditionally stable. Its implementation requires
solving many linear systems with tridiagonal matrix and the classical factorization algo-
rithm is used. The Wang parallel factorization algorithm also can be used for parallel
computers. In Section 4 the modified ADI stability correction scheme is constructed for
the reduced dimension heat conduction problem. It is proved that the unique solution of
the obtained system of linear equations exists for each time level. The efficient factor-
ization algorithm is defined, it is based on algorithms presented in Ciegis et al. (2020).
A parallel version of the modified factorization algorithm for implementation of the ADI
scheme approximating the reduced dimension heat conduction problem is constructed in
Section 5. A theoretical scalability analysis of this parallel algorithm is done. In Section 6
results of computational experiments are presented and analysed. Some final conclusions
are done in Section 7.

2. Problem Formulation

Let us consider a parallelepiped 2 C R3, which has the following form Q = (0, X;) x D,
where D is arectangle D = {(x2,x3) : 0 < x; < X;, j =2,3}.
We are interested to solve a linear heat equation in 2 x (0, T]:

3 42

0 0
a—”t‘ - ; 37; F (. x0.x3.0),  (x1,x2.x3.1) € Qr = Q x (0, T, (1)
u(0, x2, x3,t) = g1(x2,x3, 1), u(Xyq,x2,x3,1) = ga(x2, x3, 1),

(x2,x3,1) € D x (0, T1, 2)
0
a—” =0, (x1,x2.x3.0) €3 x (0, T], 3)

n

u(x, x2, x3,0) = u®(xy, x2, x3),  (x1,x2,%3) € Q, @
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where 2] = 02 \ (D x {x; = 0} U {x; = X1}) denotes a part of the boundary, where
the Neumann boundary condition is specified.

Next, following Amosov and Panasenko (2018), we consider a modified approximate
problem. First, let S(u)

1 X> X3
S(u) = —f / u(xi, x2,x3,t) dxz dx3
DI Jo Jo

denote the averaging operator. We assume that the initial condition x° and source function
f satisfy the relations

W(x, x2,x3) = S, fGrx,x3.0) =S(f), (x1,0) € (0, X1) x (0, T].

It means that «” and f don’t depend on x,, x3 within Q.

Denote a reduced dimension domain Q5 = {(xy, x2, x3) € (8, X1 —8) x D}. Function
U is called an approximate solution to problem (1)—(4) if it satisfies the following problem
(Amosov and Panasenko, 2018)

WU <~ 2U
W = F—Ff(xl»t)a (XI,XZ»XSJ) € (Q\Q(;) X (07 T]9 (5)
j=I1 Xj
U U
- = —2 + f('x17 t)a (xlaxZa x3’ t) S QS X (Oa T]’ (6)
at ax;
U, x2,x3,1) = g1(x2,x3,1), U(X1,x2,x3,1) = ga(x2, X3, 1),
(x2,x3,1) € D x (0, T, )
104
Frie 0, (x1,x2,x3,1) €9Q5,1 x (0, T], ®)
n
U(x1, x2, x3,0) = u®(x1, x2, x3),  (x1, X2, X3) € Q, 9

where 0251 = 95 \ (D x {x; =48} U {x; = X1 —8}).
In Q5 x (0, T'] the solution U doesn’t depend on x7, x3, i.e.

U(xy, x2,x3,1) = SWU), (x1,x2,x3,1) € Qs x (0, T].

Thus in the reduced domain it is sufficient to find 1D space function U (xy, t).

By analysing the weak form of the heat equation, it is shown in Amosov and Panasenko
(2018) that the following conjugation conditions are valid at the truncation points of the
space domain

U|x1:5—0 = U|x1:5+0s U|x1:X1—5—0 = U|x1:X|—6+O, (10)
aS(U) U oU N (11
ax1 x1=8—0 dx1 x1=8+07 9x1 x1=X1—8—0 dx1 x1:X1—5+0.
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The conditions (10) are classical and mean that U is continuous at the truncation points.
While the remaining two conditions (11) are nonlocal and they define the conservation of
full fluxes along the separation planes.
3. ADI Scheme for the 3D Differential Problem
The uniform spatial mesh Qh = ] X Wy X w3 is defined as
o = {xgj :xj = jhe, j=0,..., Lk}, Xkg, = Xk, k=1,2,3.
For simplicity of notations we also consider a uniform time mesh:
& ={t":t"=nt,n=0,....N}, tN=T.
LetU i”. « b€ anumerical approximation to the exact solution u(x1;, X2, X3¢, t") of problem

(1)—(4) at the grid point (xy;, X2, x3k, ™).
The following standard operators are defined for discrete functions:

no_gnr. .
O Uy = %
BXZUUk = Ul’;k hUln] = dx3 Ui’}k = W
2 3
Ah tjk = hl (8 U+1 ik 3x1U,-r;-k), 0<i<dy
E%Unkv J=0,
Ah ijk = _%(aszirfjH,k - axZUil}k)’ 0<j<do,
hzz O Uplpper Jj=J,
3x; T k=0,
Ah ijk = _E(a“ ijk+l T axSUir}k)’ 0<k<Js,
axz ”13 k= Js.

The discrete approximation of diffusion operators is obtained by using the finite volume
method.

Then the heat conduction problem (1)—(4) is approximated by the following alternating
direction implicit (ADI) stability correction scheme (Hundsdorfer and Verwer, 2003)

U"? - U, !
Tijk Tk h - -
+ZA ik = ,]kz, (X1, X2/, X3¢) € w1 X W2 X @3,
ntt nt1
U~~ 4 o 4 1 !
ijk ijk h n+z noy _ _
— 345Uyt —UG) =0, 1=23.4. (12)
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At the first step the heat conduction problem (1)—(4) is approximated by the explicit Euler
scheme. It is well known that this scheme is only conditionally stable. The next three
steps of scheme (12) guarantee the unconditional stability of the discrete scheme and they
increase the accuracy of approximation in time until the second order.

At all three steps 3D systems are split into a set of 1D problems along x3, x> and x
coordinates respectively, and each subproblem is solved by using the classical fast factor-
ization algorithm.

Lemma 1. If a solution of the problem (1)—(4) is sufficiently smooth, then the approxi-
mation error of ADI scheme (12) is O(t? + h% + h% + h%).

Proof. For a self-completeness of the text and in order to explain the approximation prop-
erty of the ADI scheme (12) we present a short proof of this result (for a detailed analysis
see Hundsdorfer and Verwer, 2003). By adding all equations (12) the following discrete
equation is obtained

Ul’“rl —-ur 4 1
]k ijk ntl n+
+ D AL UL+ UR) = f (13)
=2

[\

In order to compute the approximation error of (12), we use the relations

1
nty +1
Z;'kwu(xu,xzj,x%t"), Uik ~u(xii, x2j, x3, "), 1=2,3,4.

Thus the approximation error of ADI scheme (12) with respect to time coordinate is the
same as of the classical Crank-Nicolson method. The second order accuracy of the con-
structed approximations of space derivatives is shown, e.g. in Hundsdorfer and Verwer
(2003), Samarskii (2001). O

It is a straightforward task to show the result presented in the following lemma.

Lemma 2. The discrete operators A", Aé‘ and Aél are symmetric, A’f is positive definite
and Ag, Ag‘ are non-negative operators.

All operators A", Ag and Aé’ commute, thus there exists a complete system of functions
{d1: (x1)p2j (x2)Par(x3), 1 <i < Jy—1, 0< j < o, 0<k < Ja),
where ¢y, (x;) are eigenvectors of the operator Af’, [=1,2,3:
Al = Mmim, 1=1,2,3
and A, are eigenvalues

)‘-]i Z )\,1] > 0, )x[j 2 O, l = 2,3 (14)
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Lemma 3. ADI scheme (12) is unconditionally stable.

Proof. For the given normal operators Alh, [ = 1,2, 3 the Fourier stability analysis can
be used. Let us consider the solution of ADI scheme (12) in the case when boundary
conditions g; =0, j = 1,2 and f(x, t) = 0. The solution of (12) can be written as

Ji—1 h B
Be= 0 D bu (i) bom (123 (x3).

=1 m=0r=0

Substituting this formula into equations (12), we obtain for each mode the stability equa-
tions

n+l __ n
Clmr = QimrClyyps

where the discrete stability function gy, is defined as

2 3
(=5 ut2om + A3r)+F uidhom + Aursr + AomAsr)+ g AromAse)
(1+0.57A1)(1 + 0.5t A2,,)(1 + 0.5TA3,) ’

qimr=

Since eigenvalues satisfy estimates (14), then |g;,-| < 1 and the ADI scheme (12) is
unconditionally stable in the L, norm. O

Itis easy to see that the discrete stability function approximates the continuous stability
function of the differential equation (1) with the second order accuracy.

4. The ADI Scheme for the Partially Dimension Reduced Problem

Let K1 and K> define the truncation points of the domain x1x, = 8, x1x, = X1 — 6. Then
the spatial mesh w is splitted into three parts:

oy ={x; tx; =ih, i=1,..., K1 — 1},
w12 = {x1; 1 x1; =ik, i =Ky, ..., K2},
w3 ={x;:x; =i, i=Ky+1,...,J1 —1}.

We note that more general meshes are used in Viallon (2013); Panasenko and Viallon
(2015), where some atypical cells along the interface are constructed, and that lead to
non-admissible meshes. In this paper we use the finite volume approach. For more general
non-uniform meshes it can be recommended to use a general framework of finite element
and finite difference schemes for construction of discrete approximations on non-matching
grids (Eymard et al., 2000; Faille, 1992). A numerical comparison of these methods for
1D-2D discrete schemes is done in Viallon (2013).
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The heat conduction problem (5)—(11) is approximated by the modified version of the

ADI scheme
Un+4 un
ko — Yijk +1 .
Yie =Y ZAh ik = ,Zk 5 (s x25, x36) € (011 Uwi3) X dn X @3,
Uit g el
M + Ahyn = = fioo » Xl € @12\ {X1K,, X1K, ) (15)
+
UIZ o0 — Uk o
: . : hz( Sn(Ug,-1) +2Uk 00 = Uk, 41.00) = fK
1
!
U?( 00~ Ukyoo 1
: . =+ hz( Si(Uky41) +2Uk00 = Uky—1.00) = szoo’
l -1
gt
%JFEA’;_,(U{},;‘ —Ul) =0, =23, (16)
(X1, X2, X3¢) € (w11 U w13) X @2 X w3,
3
ij - ijk_ EAh(Uzrﬁcrl ir}k) =0, (17)
(X1, X2, X3¢) € (w11 U w13) X @3 X w3,
U}’L-‘rl Un+?_t 1
u + EAh(U,nOJ(Sl Uly) =0, x1; € @12\ {x1x,, X1k, ), (18)
43
UlréJrolo U1n< 00 1
+1 +1 +1
: =+ 5 (=Su(UgZ)) +2UkTo0 — Uk 1100
T 2hy
+ Su(Uk, 1) = 2Ux,00 + Uk, 11.00) = 0, 19)
+_
Ulr?rolo U1n< 00 1
+1 +1 +1
: . : 2h2( Si(Uky+1) +2Ux00 = Uki—1 0.0
+ S0 (Uk,11) = 2Ux,00 + Uk,—1.00) = 0 (20)

Here Sj, denotes the discrete averaging operator:

J 3
Un = ZZdzjd3kUl]kh2h3,
j=0 k=0

where dj,, = 1,if0 < m < Jyand d;,, = 0.5,it m = 0, J;, [ = 2, 3. Notation of
the argument U/" indicates that the two dimensional average of discrete function U”" is

computed at the grid point xy;.

Note that equations (19), (20) approximate the nonlocal flux conjugation conditions

(11).
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We define two discrete meshes Q, rp = (02 X w3 X (w11 U w13)) U @12 and
Qh,RD = Qprp U (02 x w3 x (x10 U x14,)). Let us consider discrete functions

Uijrk = U(x1;, x2j, x3;) defined on the spatial mesh Qh,RD. We denote the set of such
vectors by Dy,.

Let us define three operators for U € Dy:

AMU, (11, %2, x30) € (011 Uwi3) X @2 X @3,

AU = -
0, X1i € w12,
h - -
Ay — AU, (x1i, X2, x3i) € (w11 Uw13) X @2 X @3,
3U = -
0, X1i € w12,
h - -
AU, (x115 x25, X3i) € (w11 U @13) X @2 X 3,
2 AU,  x1i € @12 \ {1k, X1K, )
U=11
! 22 (=ShUk,-1) +2Uk 00 — Uk, +1,00),  x1 =K1,
1
1
72 (&S (Uky+1) + 2Uky00 — Uky-1.00), X1 = Ka.
1

Then we can write the ADI scheme as

urti —yr |

— HA AL+ AU = 21)

Un+% _ Un+% 1

-— 4 EA’;_,(U"% —U") =0, 1=234 22)
T

Next, our goal is to prove that the discrete operators A", Ag and Aé’ are symmetric.
For U,V € Dy, suchthat Upjx = Uy jk =0, Vojk = Vy jk =0, (x2, x3) € 0 X 03
the formulas

NS Ki—1 K—1
w,v) = szzj'dyc( Y UpVie+ Y UijkVijk>h1h2h3
j=0k=0 i=1 i=Ky+1
K>
+1D| Y UiooViooht,
i=K;
Wi =w.u)'”?

define a scalar product and a norm in this vector space. We remind that dj,, = 1,if 0 <
m< Jyandd;, =0.5,if m =0, J;,l =2, 3.

Lemma 4. The discrete operators A", Aé‘ and Aé‘ are symmetric, Afl‘ is positive definite
and A, Aé’ are non-negative operators.
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Proof. First, we investigate the operator Ag. Applying the summation by part formula,
we get

b B3 Ki—1
(45U, V) ZZdz,d3k< Z AL Uik Viji + Z Aj ,,kv,,k>h1h2m
=0 k=0 i=Kr+1
b5 Ki—1 K—1
+sz3k< Z O, Uijr0x, Vijx + Z aszijkaszijk>hlh2h3
j=1k=0 k=1 k=Kp+1
= (U, 4v), (AU, U)=o0.
In a similar way we get the estimates
hH B3 Ki—1 K—1
(AU, v) sz2,d3k< S AU+ Y A3U1Jk‘/uk>h1h2h3
Jj=0k=0 i=1 i=Kp+1
b B Ki—1
+ZZdzk< Z Ox3 Uiji s Vijk + Z aX3Uijkaxsvijk>h1hzh3
j=0 k=1 k=K+1

= (U, ALv), (AQLU, U) > 0.

It follows from the obtained estimates that Ag and Aél are symmetric and non-negative
definite operators.

Next, we investigate the operator A}l’. Applying the summation by parts formula and
taking into account the boundary conditions for vectors U, V, and the nonlocal conjuga-
tion conditions (19), (20) we get

(AU, V)
hoJ Ki—1
_sz2/d3k<2 ALUijiVije + Z A Uusz,k>h1h2h3
j=0k=0 i=Ky+1
Ky—1
1
+|D|( > AlUioVioohi+o— (= Su(Uk,-D)+2UK100~ Uk +1,00) VK100
i=K1+1
1
+ h—l(—Sh(UK2+1) + 2Uk,00 — UKQI,O,O)VK200>
hHh B3
_sz21d3k<zaxluljk8x1‘/l/k+ Z 8x1Ut/kax1V1/k>hlh2h3
j=0k=0 i=1 i=Kr+1
K>
+ D] Z 3, Uioo 3y, Vioo 1 = (U, AV), (U, AiU) >
=K +1

Here we use the notation Uk, jx = Uk, 00, Uk, jk = Uk,00 for (x2j, x31) € @2 X @3.
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It follows from the obtained estimates that Aﬁ’ is a symmetric and positive definite
operator. O

Due to nonlocal conjugation conditions (19), (20) the classical factorization algorithm
should be modified in order to solve 1D subproblems (17)—(20).

Lemma 5. The unique solution of the linear system of equations (15)—(20) exists and it
can be computed by using the efficient factorization algorithm.

Proof. The given proof also defines the constructive algorithm to solve (17)—(20). Since
the first part (15) of the discrete ADI scheme defines an explicit algorithm and 1D sub-
problems (16) in the second part of the scheme are efficiently solved by using the classical
factorization algorithm, then it is sufficient to consider in detail the subproblem (17)—(20).
For each (x2;, x3;) € w2 x w3 the solution is factorized separately in subdomains w1,
w12 and w13. Let us write equations of the system (17)—(20) as

- n+1 . n+1
—aijU; 7y ot cijeUjjg lekU +1 jk = = dijk,

ajjk, bijk, cijk 2 0,  cijk = aijk + bijk.

1. Domain wy. The solution is presented in the following form:

+ .
,ljk Oliij_H ,k-i-%ﬂw 0<i<Ky, (23)
1
aojk =0,  yojr = g1(x2j, x3¢, "),
bijk dijk + aijiyi-1,j.k
J ij ijkYi=1,j,
Qjjk = , Vijk = . 24
Cijk — QijkOi—1,j,k Cijk — QijkOi—1,jk

By induction it can be proved that the estimates 0 < ;% < 1 are valid.
2. Domain w1>. The solution is presented in the following form:

Ukl = OliOOU?(Jer]O + ﬁiooU,’go]O +vioo, Ki<i<Ka. (25)

This factorization is done in two steps. First, the solution is written in the form

~ n+1 Q n+1 ~ .
Uit = aiooUg g0 + BiooU; {1 oo + Vioo, Ki <i < Ka, (26)
- aK,+1,0,0 ~ bk,+1,0,0 . dK,+1,0,0
QK +1,00 = ———, BKky+1,00 = ——, VK i+1,00 = ———,
CK1+1,0,0 CK+1,0,0 CK+1,0,0

- a;joo - ~ bioo
ajoo = = Q;i—1,0,0 Bioo = = ,

€i00 — @i00Bi—1,0,0 €i00 — @i00Bi—1,0,0
. a;i00Yi—1,0,0 + dioo
Yok = . 27

€i00 — @i00Bi—1,0,0

Let us assume that 0 < @;—1,0,0, ,3,_1 0,0 < landax—1,00 —i—,Bk 1,0,0 < 1. Then it follows
from the given formulas that 0 < Bioo < 1and &;gp > 0. It remains to prove that @;pp < 1
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and @;jp0 + /3:00 1. It follows from simple inequalities

a;i00®;—1,0,0 + bioo + aiooBi—1,0,0 = aioo(@i—1,0,0 + Bi—1,0,0) + bioo
< aj00 + bioo < cioo,

that a;o0ci—1,00 + bico < cioo — aiOO,gi—l,0,0- Thus we get the estimate
0 < @ioo + Bioo < 1. (28)

The proof by induction is completed.
Next, we compute coefficients «;o0, Bioo and y;oo in formula (25)

K, 1,00 = AK,—1,0,00  BKr—1,0,0 = BKk,—1,0,0, @00 = @00 + Bioo®i+1,0,05

Bioo = BiooBi+1,0,0, ¥i00 = Voo + BiooVi+1.00. i=Ka—2,..., K+ 1.
(29)

From estimates for &y, /§Ok and (29) it follows that
0 < oo, Bioo < 1, 0 < ajoo + Bioo < 1.

3. Domain w13. For each (x2, x3;) € wy X w3 the solution is presented in the following
form:

+1 :
U”k = BijkU") ;i +vije, Ko <i <, (30)
1
Bk =0, vk = g2(x2j, x3, "),
Biin = ajjk ik = dijk + bijkYi+1,)k
Uk — ’ ijk — .
Cijk — DijkBi+1,j.k Cijk — bijkBi+1,j.k

By induction it can be proved that the estimates 0 < ;% < 1 are valid.
Substituting (23)—(30) into equations (19) and (20) we get a linear system of two equa-
tions to find U In(TOIO’ U 1@0103

AnU o + AUy, = B
{ K100 K>00 (31)

n+1 n+1 __
A21 UK]()O + A22UK200 = BZa

where coefficients are defined by

11 1
A = — — 2 — - S — ) A = - ’
n=—+ 2hf( oK +1,0,0 = Sh(ek,-1)) 12 Zh%ﬁ"l“’o*o
1
Ay = 2h2¢>tl<2 100, An=— 2h2 (2 = Bk-1.0.0 = Sn(Bky+1)),
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n+?—1

U0 1
Bi= Tl _W(Sh(U1n<171)—2U1@100+U1n<1+1,0,0+7’K1+1,0,0 — Sn(vk,-1),
1
n+%
K00 1
By= Tz _ﬁ(Sh(U22+1)_2U2200+U}1<271,0,0 + YKr-1.0.0 — Sh(VKat1))-
1

From the estimates given above we have that

2 — ag,+1,0,0 — Shlok, -1

) 2 BK,+1,0,0,
2 — Bry—1,0,0 — Su(Brat1) = o

K>—1,0,0,

thus the determinant of the matrix of system (31) is positive and the unique solution U ['?1'010,

U 1’1('2"010 exists. Then the backward factorization step is applied and U i’;‘,’;l are computed. [

It is noted in Hundsdorfer and Verwer (2003) that the stability analysis of such ADI
schemes for three dimensional cases is far from easy and even the linear commuting case
needs a closer attention. Since in our case operators A", Ag, Ag don’t commute, we can’t
apply the spectral stability analysis.

Here we restrict to writing the stability matrix

—1 -1 -1
T T T T
R= <1 + EA’;) (1 + EAS) (1 + 5A§) (1 - E(A’f + A+ A’;)).
It follows from Lemma 4, that

T h .
H1+§Aj <1, j=1,2,3.

Then it is sufficient to assume that the discrete problem is such that the stability estimate
|R"| <C, n>1 (32)

is satisfied. The validity of this assumption should be tested for each case of the discrete
problem experimentally.

5. Parallel Algorithm

In this section a parallel version of the ADI algorithm (15)—(20) is presented. We note
that development of efficient parallel algorithms for implementation of ADI type solvers
is quite a non-trivial task. First the factorization algorithm for 3D problems severely de-
pends on data movement in the memory of computers (from and to in different levels of the
memory). Only few arithmetical operations are done with each small size portion of data,
therefore cost of data movement is very important issue (see, Guo and Lu, 2016; Otero
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et al., 2020). Second, nonlocality of some parts of the discrete scheme lead to modifi-
cations of the standard factorization algorithm and these changes should be resolved effi-
ciently by the parallel algorithm (see Ciegis et al., 2014, where a parallel ADI algorithm is
constructed to solve multidimensional parabolic problems with nonlocal boundary condi-
tions). Third, different approaches of parallelization can be used for different architectures
of parallel computers. At least three main classes can be considered, including GPU pro-
cessors (Imankulov er al., 2021; Xue and Feng, 2018; Otero et al., 2020), shared memory
processors (multicore processors) and general global memory parallel machines, when
implementation of parallel algorithms can be done, e.g. by using MPI library (Ciegis et
al., 2014). In this paper we restrict to the construction of parallel algorithms for general
distributed memory computers. It is obvious that these algorithms can be efficiently used
also for multicore computers and distributed clusters of multicore nodes.

First, in defining a parallel version of the ADI algorithm for the reduced dimension
model we restrict to a a simple modification of the standard sequential factorization algo-
rithm. Only two parts are used to decompose the domain €2, in each dimension. Therefore
the maximum number of parallel processes is restricted to eight processes.

We start by defining a parallel algorithm for the solution of a tridiagonal system of
linear equations:

coUop — boU; = Fy,
—a;Uj_ +¢jUj—bjUj = Fj, j=1,....0—1, (33)
—a;U; 1 + CJUJ =Fy.

Let us assume that two processes are used to solve it in parallel. System (33) is partitioned
among both processes. The first process is responsible for the first (J + 1)/2 equations
0 < j < (J+1)/2 and the second process solves the remaining equations. Both processes
implement the classical sequential factorization algorithm in parallel but in different di-
rections. The first process applies this algorithm from left-to-right:

Uj=ajUjr1 + B, j=0,....(0+1)/2-1
while the second process computes in the opposite direction:
Up=ajUj 1+ B, j=J,....(J+DJj2

Then both processes exchange coefficients (o s+1 JESHNY ,3./+1 _s (@ IR ﬂ’f ), solve 2 x 2

dimension systems and find solutions U LSy U Ll The second backward part of the
factorization algorithm is again nnplemented in parallel

Now we are ready to describe the main decomposition details of the parallel version
of ADI algorithm (15)-(20).

1. The case of p = 2 processes. The discrete grid @ is splitted into two parts w1 =
w1, p0o U w1, pl, where

w1,p0 = w11 U @12, w1,p1 = W13.
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The first process computes the solution on the discrete grid (w11 X @2 X @3) U w12, and
the second process computes the solution on the grid w13 X @y X w3.

Before computations of the explicit step (21), the first process sends the value U In<200
to the second process, and the second process computes the value of S(U }éz +1) and sends

it to the first process. Then both processes compute their parts of U n+1 in parallel.

The [ = 2, 3 steps of the ADI scheme (22) don’t require any communication between
processes and can be done in parallel.

The last step I = 4 of the ADI scheme (22) is implemented in the following way.
The first process computes the factorization coefficients of (23) and (25), and the second
process computes coefficients of (30). These computations can be done in parallel. Then
the second process computes the values of S (ﬂ’;(2 +1), S ()/I’g2 +1) and sends them to the first

process. The latter solves system (31) and sends the value Ulrgolo to the second process.
Then both process compute their parts of U"*! in parallel.

A simple but still accurate complexity model of the parallel ADI algorithm can be
constructed

J1JhJ
T = c% 1 2(a+28), (34)

where T, is computation time of the one time step of the parallel algorithm, « is data
communication start-up time, 8 defines time required to send one element.

We note that this model takes into account only main computational and data commu-
nication costs. In real computations the values of these parameters can vary. One more
important detail, i.e. automatic memory caching is also not estimated in this formula.
Thus efficiency estimates of such models are only asymptotically valuable, but exactly
such information is sufficient in most cases.

Let us define the speed-up S, and efficiency E, of the parallel algorithm

T
Sp:T_v E[):_v
p

where p is the number of processes, Tj is the computation time of the sequential algorithm.
Since Ty = ¢J1J>J3 and additional data communication costs are constant, then even
for moderate size grids w1 x w2 X w3 it follows from (34) that

S~ 2, E,~1,

i.e. the parallel algorithm is scalable.

2. The case of p = 4 processes. In addition to splitting the discrete grid @1, the grid
@ is also divided into two parts @y = w2, po U w2, p1, where

_h

J .
wz,po={X2j, 0<j< 2}, wz,p1={X2j, ?+1<J<Jz}-
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The first process computes the solution on the grid (w11 X @2, 0 X @3) U @12, the second
process computes the solution on the grid w13 X @2 po X @3, the third process computes
the solution on the grid (w11 X @2, p1 X @3) U @12, and the fourth process computes the
solution on the grid w13 x @7, p1 X @3.

Before parallel computations of the explicit step (21), the first process sends the
value U %200 to the second and fourth process, these two processes compute their part
of S(U 1”{2 41) and send the obtained values to the first process. In a similar way the first
process sends the value U I’éloo to the third process, which computes its part of S(U }él )
and sends the obtained value to the first process.

The second part of data communication is done among two pairs of processes: the
first and third processes exchange the values of Ui’f D)2k and Ul.’” D)2+ ke 0 <i < Ky,
0 < k < Jz, and the second and fourth processes exchange the values of Ui’" B2k and

u’ B2k K> <i < J1,0 < k < J3. These communications are done in parallel. Then

all four processes compute their parts of U "+ in parallel.

The | = 2 step of the ADI scheme (22) don’t require any communication between
processes and can be done in parallel.

The [ = 3 step of the ADI scheme (22) is implemented by using the parallel factoriza-
tion algorithm, which is described above for the system of linear equations (33). The data
communication part between the given pairs of the processes is equivalent to the one de-
fined for the explicit part of the ADI algorithm (21). This step again can be done in parallel.

The last step [ = 4 of the ADI scheme (22) is implemented as for p = 2 processes with
one small modification. The second and fourth process compute the values of S (,3;‘(2 )

S ()/I’g2 +1) and the third process computes the values of S(oz"Kl_l), S (yl’gl_l). Then they

send these values to the first process. It solves system (31) and sends the values U ZTOIO,

U l’éj()lo to the remaining three process. Then all four process compute their parts of U”+!
in parallel.
The complexity model of the parallel ADI algorithm for p = 4 processes is given by

oy, nJ
1423+4(x+—123/8. (35)

Ty =c

It follows from this theoretical model, that now the data communication costs depend
linearly on the size of J; J3. Thus only for sufficiently large J> these costs can be neglected
and estimates

Sy~ 4, Es~1

are valid. We get that the parallel algorithm is scalable for sufficiently large J> and this
specific size depends on both parameters — computational complexity ¢ and data commu-
nication costs f.

3. The case of p = 8 processes. In addition to splitting discrete grids @i, @, the
discrete grid w3 is also divided into two parts @3 = w3, o U w3, p1, Where

J3

W3,p0 = {X3k, 0<k< >

J3
, w3 p1 = X3k,?+l<k<J3~
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The parallel algorithm is modified to include data distribution steps in the x3 dimension,
all communications are defined by using analogous formulas given for p = 4 case in the
x» dimension.

The complexity model of the parallel ADI algorithm for p = 8 processes is given by

J102J hJs T
ngc% +4a+<%+%>ﬂ. (36)

It follows from this model that for sufficiently large grid sizes, when J1J>J3 > J1(J2 +
J3), the estimates

2

Sg ~ 8, Eg~1

are valid and the parallel algorithm is scalable.

RemMARK 1. Letus consider the case when the number of processors/cores is larger than 8.
In order to use all p processors, we modify the constructed parallel algorithm. We assume
that p is an even number and factorize it as p = 2 x p» x p3. The decomposition of the
discrete grid €2, is done in two steps. First, the @1 grid is divided into two parts following
the algorithm defined for p < 8 processes. Thus the implementation of the parallel algo-
rithm in x1 dimension remains unchanged. Next, we divide the grids @; into p;, j =2, 3
parts. If p; > 2, then in this dimension the proposed parallel factorization algorithm is
changed to a more expensive but general algorithm. We recommend to use Wang’s or
Cyclic reduction parallel factorization algorithms (Kumar et al., 1994; Imankulov e al.,
2021).

6. Computational Experiments

Consider the problem (1)—(4) in the domain 2 with geometry parameters X1 = 6, X» = 1,
X3 = 1. We solve this problem till T = 1 with given initial, boundary conditions and the
zero source function

WO(xr, x2,x3) =0,  g1(xa, x3, 1) = Ste™ 0209403 =057,

—6((x2-0.5)+(x3-05)%) F(x1, x2, %3, 1) = 0.

82(x2, x3,1) = 2te
The accuracy of time integration of ADI schemes. First, we have tested the time integration
accuracy of the ADI solver for the full dimension model. A uniform space grid €25 with
J1 = 120, J» = 20, J3 = 20 is used. Table 1 gives for a sequence of decreasing time
step widths 7 the errors e(t) and the experimental convergence rates p(t) of the discrete
solution for ADI scheme (12) in the maximum norm:

e = max__|UN = Ui xj, x5, T, p(1) = logy(e20)/e(D)),

(x17,X2;,X3%) €
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Table 1
Errors e(t) and experimental convergence rates p ()
for the discrete solution of ADI scheme (12) for a
sequence of time steps t.

T e(7) p(T)

0.002 3.0352 x 1079 2.016

0.001 7.5272 x 1070 2.012

0.0005 1.8549 x 1076 2.021

0.00025 4.411 x 1077 2.072
Table 2

Errors e(§) of the discrete solution of the reduced dimension model
(5)—(11) for a sequence of truncation parameter §.

s=1 §=15 §=2 §=28
e(8) 4304 x 1073 1.748 x 10~% 7.201 x 1070 4.522 x 108
CPU 194 29.1 40.8 60.2

where the reference solution U (xy;, X2, x3x, T) is computed by using the very small time
step T = 6.25 x 107>, Then the integration error introduced by the ADI scheme can be
measured accurately.

It follows from the presented results, that the accuracy of ADI scheme agrees well with
the theoretical prediction.

The accuracy of the reduced dimension model. Next we investigate the accuracy of the
reduced dimension model (5)—(11). For the space discretization a uniform grid €2; with
J1 =300, J, = 50, J3 = 50 is used, and integration in time is done with 7 = 0.001.
The numerical tests have been performed on the computer with Intel® Xeon® proces-
sor E5-2670, 8GB RAM, and the algorithms have been implemented using C++ language.
We note that CPU time for computing the full model solution by using the ADI scheme
(12) is 55.9 seconds.
Table 2 gives for a sequence of reduction parameter & errors e(5)

e(d) = max |U,.1}’k — Uiyk(8)|

(x1i,X2,X3k) €S h

of the reduced dimension model (5)—(11) discrete solution in the maximum norm, where
U l.]}’k is the solution of the ADI scheme (12) and U ilj\.’k (8) is the solution of the reduced
dimension ADI scheme (15)—(20). CPU times are also presented for the scheme (15)—(20).

It follows from the presented results, that starting from § = 1 the accuracy of the
reduced dimension model is sufficient for most real world applications, while CPU time

for the reduced dimension model is reduced up to 3 times.

The efficiency of the parallel ADI scheme (15)—(20). In this section we present results
of the parallel scalability tests. All parallel numerical tests in this work were performed
on the computer cluster “HPC Vanagas™ at the High Performance Computing Laboratory
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Table 3
Scalability analysis of the parallel algorithm. The speed-up S, and
efficiency E coefficients for two problems of dimension
450 x 75 x 75 and 600 x 100 x 100.

Tp(450) Sp(450) E,(450) Tp(600) S,(600) Ep,(600)

p=1 714 - - 254.1 - -
p=4 175 4.42 1.12 57.79 4.40 1.10
p=28 9.85 7.86 0.97 29.2 8.70 1.08

of Vilnius Gediminas technical university. We have used up to 8 cores of Intel® Xeon®
processor E5-2630 with 20 cores (2.20 GHz) and 32 GB DDR4 of RAM. The parallel
algorithms have been implemented using MPI library.

Our goal is to investigate the efficiency of the proposed parallel version of the ADI
scheme (15)—(20). We have solved two problems with different sizes of the discrete meshes
450 x 75 x 75 and 600 x 100 x 100. The CPU time T, speed-up S, and efficiency E,,
coeflicients are presented in Table 3.

Two conclusions follow from the presented results of computational experiments. First,
the constructed parallel algorithm scales well even for problems of moderate sizes.

Second, MPI library enables efficient usage of the allocated local memory for each
process, thus the efficiency of the parallel algorithm E, over 1 is achieved.

As a future task, it is interesting to consider the scalability of the modified parallel
algorithm from Remark 1, when the number of processes is larger than 8.

7. Conclusions

In this paper we have applied the new efficient approach how to solve the heat equation in
3D domains. This problem is reduced to a hybrid dimension problem, keeping the initial
dimension only in some parts and reducing it to one-dimensional equation within the
domains in some distance from the base regions. Such mathematical models are typical in
industrial installations such as pipelines. We added two additional improvements into this
methodology. First, the economical ADI type finite volume scheme is constructed to solve
the non-classical heat conduction problem. A finite volume method is used to approximate
space differential operators with non classical conjugation conditions between the 3D and
1D parts. It is proved that the ADI scheme is unconditionally stable.

Second, the parallel factorization algorithm is proposed to solve the obtained systems
of discrete equations. The ADI scheme leads to non-iterative implementation algorithm
and a set of one dimensional linear systems are solved by using the parallel versions of
the factorization algorithm for the parallel solving tridiagonal equations systems in each
direction. An efficient modification of the basic factorization algorithm is developed to
resolve non-local conjugation conditions.

The presented results of numerical experiments confirm both main theoretical conclu-
sions. Due to both modifications the run-time of computations is reduced essentially. First,
the hybrid reduced dimension models can be used to simulate heat conduction models for
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a broad set of domains and CPU time of the serial algorithm is reduced up to factor 3.
Second, the developed parallel version of the ADI algorithm enables to achieve effective
acceleration of computations and it scales well even for discrete problems of moderate
sizes.
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