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Introduction

Various investigations and analyses centred on the de-
sign and optimisation of the equipment used in geother-
mal power plants are done.

This research mainly focuses on the investigation of 
the flow of fluid inside a centrifugal pump, design and 
geometry of an impeller blade, pump exploitation and 
fluid parameters. 

The most frequent approach to these kinds of prob-
lems is 3D modelling of the flow of fluid in a pump. 

Various authors have already investigated prob-
lems of this kind. Some of them (Asuaje et  al. 2005) 
performed the simulation of the 3D impeller flow and 
3D quasi-unsteady flow to assess deviations in the re-
sults obtained, due to the usage of different turbulence 
models. 

Other authors (Barrio et  al. 2010) used Navier–
Stokes equations for three-dimensional unsteady flow 
modelling in a geothermal pump. Unsteady flow inside 
a centrifugal pump was investigated by Stickland et al. 
(2000). 

Shojaeefard et  al. (2012) performed a numerical 
3D flow simulation of a centrifugal pump together with 
an experimental investigation to assess the influence of 

geometrical parameters of the pump on its overall per-
formance. Another paper describes the use of numerical 
and experimental analysis methods to investigate the de-
pendence of the performance of a deep-well centrifugal 
deep well pump on the size of pump impeller outlet (Shi 
et al. 2013).

An approach involving a physical model in con-
junction with a numerical model is presented in the 
paper by Yu et al. (2010). The authors investigated the 
flow of fluid and heat in a pipeline system under various 
operating conditions. García et al. (2002) used a similar 
approach. They analysed the influence of a non-conden-
sable gas on the flow parameters of a geothermal system 
by using results acquired from a numerical analysis and 
experiments performed on a physical model of the sys-
tem.

Aksoy (2007) analysed pump-setting depths in a 
liquid-dominated geothermal system. The author found 
that the most important parameters for determining the 
capacity and setting depth of a downhole pump were 
flow performance, non-condensable gas concentration, 
and temperature. 

Bogdevičius et al. (2013b) analysed a hydrodynam-
ic system, in which the gas content of the fluid exceeded 
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a 2% boundary. This research presents a universal math-
ematical model of a real geothermal system and takes 
into account the impact of the gas content present in a 
geothermal fluid on the productivity of the entire geo-
thermal system.

This paper aims to describe the hydrodynamic pro-
cesses of a geothermal system using differential equa-
tions, solved using numerical methods. It is important 
to determine the steady state of the system and transient 
processes. The paper presents a universal mathematical 
model of a multi-level centrifugal pump. 

In addition, the paper determines the hydrodynam-
ics processes and takes into account the impact of the 
gas content of the geothermal fluid. The gas content has 
an impact on the productivity of a geothermal system 
and especially, at the stages of the multi-level centrifugal 
pump and in a vertical pipe.

1. Mathematical Model of a Deep Centrifugal Pump

1.1. Physical Properties of Fluid 
Geothermal water behaviour depending on the pressure 
and volume of gas evolution was determined in experi-
mental studies (Bogdevičius et al. 2013b).

The density of the liquid and gas mixture is:

( )r = − e r + er1 S g, 	 (1)

where: rS – the density of water, 
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where: Z – the compressibility factor; R – the gas con-
stant; T – temperature; e – the relative volume of gas:
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V
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where: Vg – the volume of gas; V – the total volume of 
fluid.

The time derivate of fluid density is equal:
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where: KS – the bulk modulus elasticity of water; g – the 
ratio of specific heat.

1.2. Dynamic Model of the Deep Centrifugal Pump
The main equations that describes the work of a geo-
thermal system are pressure, flow rate and temperature 
changes.

Description of system processes rests on the follow-
ing assumptions:

–– deep well productivity depends on the pressure 
in the depths;

–– geothermal fluid volume that is between centrifu-
gal pump blades are resolved into concentrated 
volumes;

–– heat exchange takes place between the geother-
mal fluid and the surrounding environment (the 
pipe wall);

–– geothermal fluid is compressible, and compress-
ibility depends on the gas pressure and tempera-
ture;

–– between concentrated geothermal fluid volumes 
are evaluated pressure losses;

–– generated pump pressure depends on the blade 
geometry and the angular speed of the impeller.

Changes in the liquid and gas mixture pressure and 
temperature in the input of the k-step volume are de-
scribed by the equations:
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; VK,0 – volume of the liquid and 

gas mixture; ( ),0KK p   – the bulk modulus elasticity; 
− +1, 1K NQ , QK,L,1 – the inlet and outlet flow rates of the 

fluid; − +1, 1K NT , TK,L,1 – the inlet and outlet temperatures 
of the fluid; hK,0 – heat transfer coefficient; AS,K,0 – the 
surface area; Cp  – the specific heat; TK,M,∞  – the tem-
perature; NL – the number of blades.

Changes in the fluid pressure and temperature in 
the k-stage and the L-blade, j-th volume are described 
by the equations:
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Fig. 1 represents the discrete computational scheme 
of one stage of the 16-stage centrifugal pump. Equations 
are solved using the concentrated parameter method, 
conducting geometrical characteristic and other prop-
erties of each blade.

The flow of the fluid and gas mixture in the k-stage 
and the L- blade, j-th volume are described by the equa-
tions:
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where: Rk,L,j  – the radius before the investigating vol-
ume element; ak,L,j – the angle between the liquid flow 
rate and radius; ϕk   – k-th step of angular velocity; 
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where: z , , ,local k l j  – coefficient of local losses; dk,l,j – the 
diameter of blade; li,j,k – the coefficient of friction be-
tween the liquid flow and the blade surface is deter-
mined by the dependence (Bogdevičius et al. 2013b):
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Pressure, flow and temperature equations are writ-
ten in matrix form:
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The liquid and gas mixture pressure and tempera-
ture in general k-th step output volume is described by 
the equations:
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where: hK,M – the heat transfer coefficient; VK,M – the 
volume of the liquid and gas mixture; AS,K,M – the cross 
section area; Cp – the specific heat; TK,M,∞ – the ambient 
temperature.

The fluid flow which is flowing out from the general 
output volume of the k-th stage is equal:

( += − −,1 , 1,0
,1

1
K K M K

K
Q p p

m


(( )
 

ρ ζ − ρ  
 

2
,1

,1 ,1 ,1 ,1 ,1
,1

1 sign
2

K
K K K K K

K

Q
Q g L

A
−

r
r

,1
,1

,1

K
K

K

Q
 . 	 (18)

Fig. 1. Computational scheme of the pump stage
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1.3. Mathematical Model of the Mechanical  
Part of the Deep Centrifugal Pump
The deep centrifugal pump consists of a 16-stage, where 
each stage has nine blades. The deep centrifugal pump is 
submerged 300 m down in the well. In creating a mathe-
matical model of the deep centrifugal pump, the dynam-
ic characteristics of the asynchronous motor, mechanical 
relations between the steps, each blade’s geometry, mo-
ments of inertia of the masses of each step, pressure and 
velocity effects on each blade, and forces acting on each 
blade are estimated.

Change in the asynchronous motor torque is de-
scribed by the equation:

( )= w − ϕ −0R V V R V RM uc u d M

 , 	 (19)

where: cV, dV – parameters of the system; wv0 – angular 
velocity of the asynchronous engine; u – the gear ratio.

A dynamic model of the mechanical system of the 
deep centrifugal pump is presented in Fig. 2.

Equation system of the mechanical system of the 
deep centrifugal pump:
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where: Ik – mass inertia moment of k-th stage; −1,k kk  , 
−1,k kc  – stiffness and damping coefficient between (k–1)-

th and k-th masses; Mk is resistance torque.

In matrix form:
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where: { }ϕ , { }ϕ , { }ϕ  – the vectors of the angle, angu-
lar velocity, and angular acceleration:
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  M ,   C ,   K  – mass, damping, stiffness matrix; { }F  – 
force vector.

The system of equations of the mechanical system 
is described by the first order differential equations:
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1.4. Mathematical Model of the Hydraulic  
System of the Deep Centrifugal Pump
Characteristics of the pump describe its operation when 
pumping fluid, but these characteristics change when 
water contains dissolved gases (Bogdevičius et al. 2014).

The deep centrifugal pump is immersed to a depth 
of H0 (Fig. 3). The water column height is variable when 
the well’s fluid and the gas mixture is pumped from the 
depths (Hwell = 1100 m).

Higher liquid column height, the lower volume of 
gas in the liquid so that the pump can operate more sta-
bly. 

In the time of transitional process if the flow of 
the pump is higher than the in the depths then high of 
water column start changing, and the process becomes 
unstable.

The equations of the water column height variation 
are equal to:

( )( )= −
,1

1
in well in in

well
H Q Q sign Q

A
 , 	 (27)

where: Qwell – flow of geothermal fluid,Fig. 2. Dynamic model of the mechanical system  
of the deep centrifugal pump
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= − ×
rz

2wel
well depthl well

depthwell

A
Q p p

( )−sign depth wellp p , 	 (28)

where: Qin  – the fluid flow entering the centrifugal 
pump; rdepth – the density of the geothermal water at the 
bottom of the well; Awell – the cross-section of the filter; 
zwell – the pressure loss coefficient; pdepth – the pressure 
at the bottom of the well; pwell – the pressure at the bot-
tom above the filter:

( )= r − + +0well well well in gasp g H H H p , 	 (29)

where: rwell – the liquid and the gas density at the bot-
tom above the filter; pgas – pressure of the gas (nitrogen, 
N2) extracted at the well top, 

−g=gas gas gasp C V ; 	                                      (30)

where: Vgas – the volume of gas; g – adiabatic rate; Cgas – 
the constant. 

Fluid flow entering the pump is described by the 
equation:
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where: Lin, Ain – the inlet pipe length and cross-section 
area; zin – the pressure loss coefficient of the pump in 
the inlet pipe,
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2. Numerical Analysis of the Deep Centrifugal Pump

2.1. The Input Data
The deep centrifugal pump consists of 16 steps, where 
each step consists of 9 blades, and each blade is divided 
into ten discrete liquid and gas volumes. The rotation 
frequency of the asynchronous motor is 43 Hz.

The initial water level (from the centrifugal pump 
suction end to the top of the well) is ( )= =0 270 minH t  ,=1130 mwellH ; =0 300 mH . 

The inside diameter of the pipe = 7.5 inches and the 
initial pressure of the gas is = 0.25MPagasp . The time 
steps of integration are −∆ = ⋅ 65 10 st .

It is analysed the hydrodynamic process of the geo-
thermal system at start time, then the pressure at the 
end of pipe gradually increases and after some time sta-
bilizes.

After stabilized processes the pressure at the end of 
the pipe periodically changes. 

The second case of load the pipeline is selected to 
check how to change hydrodynamic processes when is 
different load pressure.

Because gas release from the geothermal water de-
pends on the pressure, then the fluctuation of pressure 
in different places of geothermal systems can cause fluc-
tuations the hydrodynamic parameters.

The load pressure of the extraction pipe varies ac-
cording to the law:

( )( )= − −a +,max 1 expload load Pp p t

( )( ) ( )π − −1 1sin 2ampl pp f t t H t t , 	 (33)

where: pload,max – the maximum load pressure; aP – co-
efficient; pampl, fp – load pressure amplitude and frequen-
cy; t1 – time when load pressure changes according to 
harmonic function.

2.2. Results of the Numerical Analysis 
As mentioned above, at the start of the system, the liquid 
column height varies, thus changing the pressure and 
volume of gas in the water. 

When the value of pressure is low in the inlet of 
the deep centrifugal pump, the amount of gas is high-
er. Consequently, the liquid is more compressible, the 
productivity of deep centrifugal pump is lower, and the 
transition process is longer.

The water column height variation is shown in 
Fig. 4. 

Fig. 5 shows pressure variations in different centrif-
ugal pump stages when load pressure gradually increases 
and stabilizes and Fig. 6 gives flow variations.

Fig. 5 shows that the change of the graph transition 
process pressure is not the same at different stages of the 
deep centrifugal pump. 

At each stage of the deep stage centrifugal pump, 
pressure pulsations generate in the vertical pipe. Then, 
the transition process lasts longer.

Fig. 6 shows that the flow rate varies periodically at 
the levels of the deep centrifugal pump. The maximum 
range of flow rate variation is about 4 seconds. In this 
case, the frequency of change of the flow rate is about 
0.25 Hz. Fig. 3. Scheme of the extraction well
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Analysis of the deep centrifugal pump-pipe of a ge-
othermal system shows that the lowest natural frequency 
of the system is less than 1 Hz (Bogdevičius et al. 2013a).

The pressure drop in the vertical pipe at different 
depths is shown in Fig. 7 and flow variation in Fig. 8.

As we can see, the pressure and the flow rate are 
variables in the output of the pump during the tran-
sitional process. Pressure fluctuations decrease in the 
upper part of pipes because geothermal water gets sub-
stantially compressible and suppresses pressure pulsa-
tion better.

Dependencies of the relative volume of gas ( )e t  in 
the vertical pipe at different depths are shown in Fig. 9, 
when t > 20 s load pressure varies periodically.

The selected load pressure frequency fp is close to 
the natural frequency of the geothermal system. 

Dependencies of flow variations in the vertical pipe 
at different depths when load pressure – varies periodi-
cally over time are shown in Fig. 10. 

As can be seen from Fig. 10, when the depth is low-
er, a variation of flow amplitude is higher. This can be 
explained by the decrease of depth and increases in the 
amount of dissolved gases in geothermal water (Fig. 9). 

Fig. 4. Water column height variation

Fig. 5. Dependencies of pressure in the 1st, 10th and  
16th stages of centrifugal pump over time

Fig. 6. Dependencies of flow variations in 1st, 10th and 16th 
stages of centrifugal pump over time

Fig. 7. Dependencies of pressure drop in the vertical pipe  
at different depths over time

Fig. 8. Dependencies of flow variations in the vertical pipe  
at different depths over time
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Fig. 9. Dependencies of the relative volume of gas ( )e t  in the 
vertical pipe at different depths when load pressure pload varies 
periodically: a – H = 300 m; b – H = 120 m; c – H = 30 m 
(when =,max 1.0 MPaloadp , = 0.25 MPaamplp , = 0.25pf Hz)

Fig. 10. Dependencies of a variation of flow in the vertical pipe 
at different depths when load pressure pload varies periodically: 
a – H = 300 m; b – H = 210 m; c – H = 120 m; d – H = 30 m 
(when =,max 1.0 MPaloadp ; = 0.25 MPaamplp , = 0.25pf Hz)

Fig. 11. Spectrum of the amplitude of flow in the 1st, 
10th, and 16th stages of the centrifugal pump, when 

=,max 1.0 MPaloadp , = 0.25 MPaamplp , = 0.25 Hzpf

Fig. 12. Spectrum of the amplitude of pressure in the 1st, 5th, 
10th, 13th and 16th stages of the centrifugal pump, when 

= 0.25 MPaamolp , = 0.25 Hzpf
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Compressibility of geothermal water at different depths 
is different and causes flow fluctuations in the geother-
mal system.

The spectra of flow of the deep centrifugal pump, when 
load pressure varies periodically, are shown in Fig. 11. 

From the spectra of amplitude flow, we can see that 
in the higher stage of the centrifugal pump the variation 
of flow amplitude decreases. We can see a repeated har-
monics at the frequency of 18 Hz, the first natural fre-
quency of the geothermal system is low (less than 1 Hz). 

The spectra of pressure and the flow rate show the 
change in the amount of gas, which causes significant 
flow pulsations.

Conclusions

The mathematical model of geothermal well extraction 
using a multi-stage centrifugal pump was developed. The 
basis of this model established the geothermal pipeline 
parameters of the centrifugal pump. A gradual increase 
in the pressure load in the pipeline up to a certain maxi-
mum value (1.0 MPa) periodically changes the param-
eters of geothermal water flow. The lowest frequency is 
about 0.25 Hz.

The investigation established that the volume of gas 
increases the pressure and flow pulsations in the deep 
centrifugal pump and causes changes in the pressure and 
flow spectra amplitudes.

From a centrifugal pump characteristic curve 
( )p = p Q  it can be found that the increasing load of 

pipeline pressure decreases flow of centrifugal pump.
The change in the pressure load in the pipeline 

from 0.25 MPa to 1.50 MPa reduces the flow of the 
deep centrifugal pump: ∆ = 313.69  m /hpumpQ  at a fre-
quency of the centrifugal pump with an electric engine 
43 Hz and ∆ = 317.35 m /hpumpQ  at the electric motor 
frequency of 50 Hz.

When the geothermal system is under a varying 
periodic pressure load, all geothermal parameters (pres-
sure, flow, temperature, the relative volume of gas) in 
different places of pipeline vary periodically and have 
different amplitudes. 

In pipeline low-pressure zones, the gas distin-
guishes and the compressibility of the geothermal water 
increases. Compressibility of the geothermal water in-
creases flow oscillations, which reduces the efficiency of 
the pipeline and the cavitation can appear (in the deep 
centrifugal pump and in the pipeline).

Therefore, in order to rationally exploit geother-
mal system should be selected such parameters as the 
immersion deep of deep centrifugal pump, the rotation 
frequency of the electric engine of centrifugal pump, the 
load pressure in the pipeline taking in the account phys-
icochemical properties of the geothermal water.
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