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Let £2; be a two-dimensional torus, ¥, ¥1, X2, ... € €2,. The distance for elements
of torus is defined by

p(¥1,%2) = p(Cz,, Cz,)
= inf{P((xn,xlz), (x21,%22)): (x11, X12) € Cx,, (x21,%22) € sz},

where Cz, and Cy, are equivalence classes in R? modulo Z2.
Let W = |la;;|| be a square matrix of integer elements. Let the endomorphism
T: Qp — 3 be defined by

TX=XW (mod 1).

If the eigenvalues of the matrix W are not equal to 1, then the mapping T is invariant
with respect to Lebesgue measure u, on R2.

If det W 5 +£1, then the mapping T is an automorphism.

These and other properties of mappings of torus can be found in [1,2]. This article
is a continuation of investigation by D. Moskvin [2] and of earlier papers by authors
[3.4].

Let

E=E0)={(w®,¥(®), a<r<b} (1)

be a smooth parametric curve on 2, ®(x) be a standard normal distribution function.
Let w; = (wi1, wi2), i =1,2, be eigenvectors of W corresponding to the eigenvalues
61 and 63, 61| > 1, |62 = 161]7".

Let h(%), X € £, be a real function of two arguments satisfying the condition

|h(X1) — h(%)| < Hp(F1,32), ()

where H > {max |h(¥)|, X € ),

/ h(x)dX =0. 3)
Q
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Let us consider
n—1 1
Sn(,%'):];)h(i wh),  Z,@) = ;:/—ES,,(}),

where

1 20\2 .
%= lim (——ﬁSn(x)) d¥, o2>0.

n—00 QZ

Two distribution functions can be defined:

Fo(x) = pa (X € Qp: Zu(X) < x),

1 o
Fug (@) = =i (1 €[a,b]: Z,E) <x).
The main result of this article is

THEOREM 1. Let the function h(X), X € Q0, and the curve £(t), t € [a, b], satisfy
the above mentioned conditions. Then in the interval

c/n
0<x< {
In“n

the following relations for the large deviations are valid:

c>0,

1—Fy(x) xIn’n
Fn(=x)

x1Inn
() =exp{L(—x)}(1+O( N )>,

where
o0
L(x)= Zkkxk,
k=3

the coefficients Ay are expressed in terms of cumulants of the sum Z,, and coincide
with the coefficients of the classical Cramér—Petrov series.
The analogous results are valid for the distribution function F, g (x).

The following auxiliary propositions are needed for the proof of Theorem 1.

LEMMA 1. Let the functions f(X) and g(X), X € Q, satisfy the condition (2) with
the constants A and B respectively,

max | f(¥)| < A, max|g(Z)| < B.
$7397) x€n
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Then
b m b, o s mAB
| rs@wmya= [ f(f)dz-/gzg<x)dx+o(8391m),
o . s o AB
/f(x)g(xW”‘)dx:/ f(x)dx-/ g(x)dx+o(’"9m )
(973 Q Q 1

where g(t) is a curve defined by (1), 0 is an eigenvalue, 6, > 6,,

e= min_|wy1¢' (1) — wyy'(t)| > 0.
tela,b]

Proof. See [2].

Denote

Sk =Sk (%) = Z h()_f Wi).
k<i<l

Let g and m be natural numbers which will be chosen later, p = [3 +m]~L.

Denote

Me(X) = Sk-1)(g+m)+1,kg+k—1ym, 1<k < p,
'72(5) = Skg+k=1)m+1,kig+m), 1<k < p,
7724.1(5‘.) = Sp(q+m)+1,n-

Then the sum S, (X) can be expressed as follows:

P p+1
Sa@) =Y mE) + Y npE =@ + 2.
k=1 k=1

LEMMA 2. The characteristic function

1) = [ exp(u5n () a3
2

can be evaluated as follows:

P n*tH
() = i x)dx O .
0= ( [ e liemian) " +of o)

Proof. See [2].

LEMMA 3. The following estimate is valid:

DS, (%) = o%n + 0(1).

4

&)

(6)
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Proof. By making use of (3) and regrouping summands we get:
DS, (¥) = ES?(¥)

n—1

- h2(%)d¥ + 2 -1 / h(X)h(Z W) d7
n/gz (x)dx nZ( n> o, x) (x )x

j=1

=n(/ hz(})d£+22/ h(Sc’)h(;'c'Wj)d}>
197) =172
—2n2/ h(E)h(Z W) dx—2z / h(@)h (X W) dx.

Having in mind the definition of o' and taking f(X¥) = g(X) = h(¥) in (5) (Lemma 1)
we get the estimate (6).

Let T(S,) denote the cumulant of k-th order of the sum S,(X). The estimate
[t (Sy) = O(n) is known [2]. We will show now the dependence of this estimate on
the properties of A(X) and on the order of the cumulant.

LEMMA 4. The following estimate is valid:
T%(Sy) < HoH*k!(1n>n)* %0, Hy > 0.

Proof. Let EX y - Xy, be the centered moment of the k-th order. The estimates
of such moments are very important in limit theorems for sums of dependent random
variables. Analogous to Theorem 4.4 in [5], based on (4) and Lemma 2, we can prove
that

r—1

A iy —1;
k=1 prk J+1 74
B, ... &, | <2 'H ]'[] T @)
J=1"1

Making use of the definition of cumulants, Lemma 1.1 in [5], and the expression of
cumulants in terms of centered moments we get:

Fk(Sn)z Z F(thv""th)v

v
F(Xy, ... XM—Z( DN N L) [T R
Uy =1 p=1

Here the integers N, (I3, ..., I,),
0<Nu(11,---,1y)< (V'—" 1)"
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depend on v-block partition {/j, ..., I,} of the set I = {1, ..., Iy} only, and
E(X;,)=EX; ... X;,).

Analogous to Theorem 4.11 in [5] we get from the inequality (7):

-1

Aty PP
PGy ) < o= 1) 25T HFT L L

Liv1—1;
. 9/+ J
Jj=1%

Now we take ¢ = [w;Inn], m = [wInn] (w1 > 0, wp > 0). Making use of the above
listed estimates, in a way analogous to Theorem 4.1.9 in [5], we get the proposition of
Lemma 4.

From the estimates of cumulants of the sum S, (X) we get the estlmates of cumulants
of the normed sum Z, (X):

Inn\ k-2

Tv(Zy) < HE Hkk'< ) .

k(Zn) < 0 ﬁ

Making use of Lemmas 1-4 and Lemma 2.3 in [5] we obtain the proof of our main
Theorem 1.

References
1. M. Ormota, R.F. Ticky, Sequences, Discrepancies and Applications, Springer- -Verlag, Berlin—
Heidelberg (1997).

2. D.A. Moskvin, Metric theory of automorphisms of two-dimensional torus, Izv. Akad. Nauk Ser. Mat.,
45, 69-100 (1981).

3. B. Kryzien¢, G. Misevitius, On ergodic endomorphisms of four-dimensional torus, Liet. matem. rink.,
42(special issue), 59-62 (2002) (in Lithuanian).

4. B.KryZien¢, G. Misevitius, On the uniform distribution of endomorphisms of s-dimensional torus, II,
Liet. matem. rink., 43(special issue), 56-59 (2003).

5. L. Saulis, V. Statulevitius, Limit Theorems for Large Deviations, Kluwer Academic Publishers, Dor-
drecht (1991).

REZIUME
B. KryZiené, G. Misevicius. Dvimadio toro endomorfizmy didieji nuokrypiai

Darbe suformuluotos keturios lemos ir jy pagalba jrodyta dvimagio toro transformacijy {¥W*}, k =
0,1,2,..., ¥ € Q, didZiyjy nuokrypiy ribiné teorema. [rodymui panaudoti Zinomi D. Moskvino ir V. Sta-
tuleviCiaus centruoty momenty ir semiinvarianty iver&iai,
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