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On limit theorems of Fortet—Kac type
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Abstract. We get the theorem of large deviations for sums of type (T /¢) satisfying the conditions
weaker than in [5] (see [5, pp. 221-227]).
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Let T be a mapping of0, 1] into itself defined byr'(+) = {2¢t} where the braces
mean the fractional part of a number. Let the poiat[0, 1] be expressed by

_e1(t) | e21) k(1)
=t X

Then the coefficients; = ¢;(¢),i =1, ..., k, are the so-called Rademacher functions,
and are independent identically distributed random variables taking values 0 and 1
with equal probabilities.

This expression for irrational numbers is infinite, numbezg0, 1) are in a one-to-
one correspondence with the sequencgs), (1), ..., and every measurable func-
tion f(¢) can be represented in the form

f@) = f(er,e2,...).

So this function is a random variable, measurable with respect ef-thigebra, gen-
erated bye;, j =1,2,.... The variablesfy (T*t) = fi = f(2*t) = f(ex, k41, -..)
form a stationary sequence. For details see [2].

Let S, =3S8,0) = Zﬁzlf(zft), f(¢) being a measurable periodic function with
period 1,®(x) denote the normal distribution function.

We suppose that

4+

1
Ef(t)z/ Fidi =0, EIf®)] >8>0,
0

1
ELF () = / O dr < HyHE 2k — 2)! )
0
and

1
/ |f(t+h) — f@)>dr < Hah?, (2)
0
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k=3,4,....,s +2, /s < pzf)*l/fn def A,, Hy, H1, Hy, ... are positive constants,

c1,c2, ... are constantsy (n) is a slowly growing function,

1
B2=DS, =/ S2(t)dt = o%n + cy. (3)
0

This paper deals with probabilities of large deviations similar to classical results
(see [3,4]) for the above defined suSyswith the condition (2) instead of the following
condition in [5]:

1
/ |[fa+n— fo|"de<HIR !, p=2,3,....
0
This leads to a narrower zone of validity of large deviations.

THEOREM. Let f(¢) be the above defined Lebesgue measurable function satisfying
conditions(1), (2) ando # 0. Then forl < x < /s the following relations of large
deviations hold

mea$e[0,l]{Sn > x B}

- exp{L(x>}(1+91f1(x>x + 1),

1- o) NG
mea$e[o,1]{Sn < —xB,} _ _ x+1
o) = exp{L( X)}<1+92f2(X) 7 )

where f1(x), f2(x) are bounded function$;| < 1,i = 1, 2, the power seried.(x) =
Zlkx"+3 converges foltx| < A,, the coefficientg,, k > 0, can be expressed by cu-
mulants, and fok < s — 3 these coefficients coinside with coefficients of the classical
Cramér—Petrov series.

Some auxilary statementSollowing [1] let us introduce the conditional mean val-
ues, i.e., new random variables

" =117 =117 O =E(f(T71)lej41, - 8j4m) (4)
and
m) _ 8L Eidm
j ==t TR (5)

The function[f]g.k) is measurable by the-algebra generated by, .. ., &;. Itis ev-

ident thatn;m) defines a unique set 1, ..., ej4,, therefore ther-algebra generated
(m) (m)

by random variablesj1 s, coincides with ther-algebra generated by random
variablesej,, ..., & 1m-

LEMMA 1 (see [5]). The random variablesj.m), j=12,..., make the Markov
chain. Therefore the random variableﬁ]ﬁ.m), j=12,..., are connected into the

Markov chain.
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Let f;’ be theos-algebra generated Uy;,((m), k=a,a+1,...,b} andQ; be the
space ofn,((’”) values. The coefficients of ergodicity in our case are

(m) {0 fork —1<m,

Yk V11 fork—I>m4+1,

sincesy, &2, ... are independent identically distributed random variables.
Let us consider the “modified” sum

S = L1
j=1

LEmMMA 2. Under the condition§l) and (2), the following relations are valid:

B2=DS,=0%1406,, |0, <c1. (6)
B2=DS, =02n+6y, |0 <ca (7)
and
c3
0 — 0oyl < , (8)
(V2)mr
where
1 0
azz/ Fyde+2% £ £ (24) di £0. ©)
0 =1

Proof. Following the reasoning of I.A. Ibragimov [1] we get the estimation
EY2|¢; —¢™|? < a2, (10)
and using the reasoning in §2 and 83 of Chapter XVIIl in [2], we find
n
DS, =nEtf+ > (n — )Etag;
j=1

with the estimation

ECiLi1l < 4-27 %, EYZ2. (11)

An analogous estimation takes place B/ and|E§l(m)§;m)|.
Thus we get

DSn=n<E§12+ZE§1§j)+n Z E§1§j—ZE§1§j

j=1 j=n+1 j=1
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and the second and third members do not exceed

4.25¢ EY2c2 © 4.25¢,Ec2
‘+ﬂ§l <csg and 5= Z—Vé‘l
22 k=1

Zk%fl

Thus we obtain (6), and in a similar manner one can get (7).
Further we get by the Minkovsky inequality

[Ecf — E(ey"™)"] < 8eyEcf2 2",

and
_ /8.2%¢,EY2c2 8E¢2c
|E¢18k41 — Eil(m)fk(?ﬂ < min ( ky% :, 2%];11 - )
So we obtain

m
o = o < [Bef — Bey™ % + 3 [Eaag; — By
=1

oo
(m) . (m)
+ Z [E¢1; —Eg)" {jm <W,
j=m+1

wherecs = 9(2%07, El/2§12 +cy E{lz).
Lemma is proved.

LEMMA 3 (see [3]).Let a random variable with Ez = 0 andE¢? = 1 satisfy the
inequality
@)=k —2A"2 k=34 . 5+2

wheres is even and < 2A2.
Then forx, 0 < x < 4/s/3/e, the following relation of large deviations is valid:

1— Fy(x)
1— d(x)

and a similar one for negative.
The power series

= exp{i(x)}<1+ Qxfl(X)ijl), x>0,

oo
i(x) = Zikxk+3
k=0
is convergent fotx| < v/2A /3/¢ and f1(x) is a bounded function.

Proof of Theorem.Taking in (8)m = p(”;ﬂ we get

c7

_ <
lo —oml < PYI)
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By the conditions (1) and (2), using the Schwartz inequality we get

1 1 2 1/2
/O|f(t+h)—f(t>|dr<(/0 |ft+h) — f@) dr)

1 1/2
x (/ f+h)— f(t)dt) <h*2XHER,
0

and we deduce, using the Holder and Jensen inequalities, that

8
np(n) ’

ELF(170) —E[ef["| <

H;

EVK[ £ ¢ < EVE| o] + TR

E|[/1/"] < HiH{3 %k, j=1.2..... (12)

Using (12) it is enough to get the estimate of cumulants)of

s/ H Inn\*2
Fk( n )‘<k!H14< 150 (1) n) |

Oma/ OmA/N
Further conclusions coinside with those of [4], and the difference
Sn S
Om/n Opa/n

can be evaluated following [5] word by word.
Theorem is proved.
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S

REZIUME

B. KryZierg, G. Misewetius. Ribinés teoremos Forte—Kaco tipo sumoms

Darbejrodyta didZijju nuokrypiy ribiné teorema sumoms. f(T/t) su silpnesniais apribojimais periodi-
nei funkcijai f (r) negu ankstesniuose autpdarbuose (Zr. [5]).

Raktiniai ZodZiaidvimatis toras, didieji nuokrypiai, semiinvariantai.



