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Invariance principle for independent random variables
with infinite variance
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Abstract. A functional central limit theorem for self-normalized adaptive process U, lNg“,, is considered,
where Uy, n is a sum of squares of block-sums of size m, as m and the number of blocks N =n/m tend to
infinity.
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1. Introduction and results

Various partial sums processes can be built from the sums S, =¢&; + - - - 4+ &, of inde-
pendent identically distributed mean zero random variables. The white noise sequence
&;,i > 1 belongs to the domain of attraction of the normal law (denoted ¢; € DAN),
that is, it is not required that variance of ¢ is finite. The attention of this paper is
focused on the so called adaptive partial sums process, denoted ¢&,. Set Up = 0 and
define

k
Up = (Sim=Si-vm)® k=1.....N, 1<m<n, (1)
j=1

where N = [n/m] and [a] denotes the integer part of a.

Adaptive means that the vertices of the corresponding random polygonal line (de-
noted ¢,,) have their abscissas at the random points U1121, o/ U1121,  instead of the deter-
ministic equispaced points k/N . By this construction the slope of each line adapts itself
to the value of the corresponding sum of random variables. The ¢, process formally
is defined on [0, 1] by linear interpolation between the vertices (UHZL o/ UHZL N> Smk)s
k=1,..., N. The main result of the paper is the following

THEOREM 1. Assume that ¢ € DAN. Then
Unle{" i> W in the space CJ0, 1]
’ n—od
provided m =m(n) — coand m/n — 0 as n — oo.
Observe that the case m = const is proved in the article [5], and developed in [3].

This Theorem concerns m tending to infinity and a block-wise constructed polygonal
line.
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2. Proofs
The proof of the Theorem 1 follows from the Lemma formulated below. Denote sz =
Z];=18§, k=1,...,n andY; := Z?:l €m(j—1)+k» J =1,..., N.Y’s are mean zero,

independent random variables. Since Uy, N (V) —P> 1 (see [2]), it follows that
n—od

(U, Nt 23\;1 Y; weakly converges to N (0, 1). The next lemma shows the validity
of O’Brien’s type convergence if ¢’s and 7 is replaced by Y’s and N.

LEMMA 2. Let Es; =0 and & € DAN with normalizing constants b, := [,/n.
Then for each positive § the following relations hold true:

NP(|Y| > 8l,a/n) — 0, ()
Nb, 2E(Y)?I(1Y1] < 8lya/n) — 1, 3)
Nb, 'EYi1(|Y1] < 8l,/n) — 0, 4)

m— oo, m/n—0.
Proof. Denote for each 7 > 0
R} 228j1(|8j| < bnr), RJZ 228j1(|8j| > bnr), j=1,...,n.
Next for each positive §:
P(1Y11=bu8) < P(IR} + -+ Ry | = b,8/2)
+P(|R%+~~~+R,%1| > b,8/2) = A1 + As.
Now from the inclusion (IR% +-+ R,%I > b,8/2) C (UL {leil > byT}) one gets
NA, <N - mP(|81| > b 1:) =o(1).
From Chebyshev’s inequality it follows
16E|R} +...RLI*

P(IR{ +...RLI > b,8/2) < it <Bi+B,,
n
where
. 32 .
By = b454( mERD* +mm = D(ERD?)), B, b454 ZRR
i#]
Since E(R}* < b2t2E(R})?, it follows
NB; <3272 WE(RI) +W(E(R1) )
_ 3272 32(m

S G peeb?) + = (el

n
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Now letting first n — oo (m/n — 0) and then 7 — 0 one gets that N B; = o(1).
Next

By = m(m — 1)(E(R})?)* +m(m — 1)(m — 2)(ERD)*E(R])?

32
iz
+m(m — 1)m —2)0n — H(ERD?).

Now

32(m — 1) 32 (m—1)(m—2)
né* ( nE(R v ) b25% n2
32 (m—1)(m —2)(m —3)
bAs* n3

NBy = (G E®RD)0ERD?

(nERD)*.

Thus it follows that N B = o(1). The proof of (2) is complete.
Now observe that for each positive §

P((,max Y1 > bs) = (U Y1 > bs}) S NP(IYi1 > by9).

=

Thus convergence (2) implies

maxgign 1Yl P

b, n—00

0. )

Now we have that independent variables (Y;/b,), j =1,..., N are uniformly vanish-
ing. Denote

y? :b*l(yf —EYiI(j71] <bn6)>, i=1,...,N,

Y* N
=NE—L — + —EY,I(|Y
rn 1+(Y*)2+ 1 (| 1l < )
Also for all real x define
o (Y2

Observe that (Y] + --- + Yn)/b, weakly converges to the standard normal law if
and only if

E,x)—>I(x>0), r,—0. (6)

Note that first convergence in (6) is full.
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Next we have that

1482 (¥))?

NP(|Y}|>8) <N E—1L
(1¥71>9) 52 1+ ()2
_ 1+52( rH: o )? (vr 5)>
2 \UT+ap? T4 qapz VHEY)

1(Y§| > 8)

From convergence (6) we deduce
NP(Y{|>8)—0, n— oo. 7

Now we prove (4). To this aim observe that from the right hand side convergence in
(6) it suffices to prove
Y*
E—L 0.
14 (¥])?

Denote §; :=26 + 1 and lets split

NE—_ _ NEY{I(]Y]] <8;) — NEﬂI(Wﬂ <3d1)
1+ ()2 1A T+ @2 !
*
NE—L _1()Y¥|=>8):=1 — L+ .
+ T+ )2 (1Y) = 81) 1—h+1
Now from (6)
12:/ xdE,(x) — xdlI(x >0)=0,
|x|<8; x| <4
1 1
13:/ —dE,(x) —> —dI(x > 0)=0.
[x[=8 X [x[=8 X

Denote ¢, (8) := bn’lEYfI(|Yf| < b,8) and observe that |c, (§)] < 6.
I = NEY{I(|Y]| <81) = NE(b,;lyl — cn(a)){1(|Y1| < byd)
— I(1Y1] < a8, 16, ' Y1 = ca(8)] = 81) + I(1Y1] = baS, by, ' Y1 — ca(8)] <51)}.
First observe
|11 S NSP(|Yi] = by8) +28NP(|Y[| = 81) + SINP(|Y1] = bud),

and P(|Y1*| > 61) < P(JY1| = b,8). Now applying (2) one gets |I{| — 0. The proof of
convergence (4) is complete.
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Finally we prove (3). Foreach 0 <t < §

0 < NEY)I(|Y]I1<8) — NE%I(W;W <9)
*\4
:NElj_YE—;{k)zI(Wﬁ <6)
< erEﬂI(Wﬂ <7)+8'NP(Yf|> 7).
1+@pH2 V! !

From (7) one gets N P (|Y{| > t) = 0,(1). Now applying (6) one get’s
. 2 (1 (r)? . 2
hgso%p(NE(Yl) 1(1v7) ga)—NEm ( 1|<5)):r .

Thus letting T — 0 it follows NE(YI*)ZI(|Y1*| < §) — 1. Now consider
7= N(BODX(Y{1<8) = b B0 (1] < 8by) )
= N6 B {1 (16,11 = 60 0] <8) = 16,111 < 8) |
—2Nb, ey (EYII(Ib, ' Y1 = ca(8) < 8) + N(ca(3)* P (1b, ' Y1 = ca(8) <)
=J1 -+ Js.
Observe that by (2)

Iy = Nb,;ZE(Yl)Z{I(w;lYI — (O <8,b 11| > 6)
— (16" Y1 = e @) > 8,5, 1111 < 6) |

<ANS2P (b Y| >8) =0, n— oo.
Next by (4)
121 < 2, (8)Nb, "EIY1|1(|Y1] < 28b,) <48Ncy(8) = 0, n— 00

and |J3] < N*I(Ncn ((S))2 — 0, n — oo. Thus J — 0 and the proof of convergence
(3) is complete.
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REZIUME

M. Juodis. InvariantiSkumo principas nepriklausomiems atsitiktiniams dydZiams su begaline dispersija

Darbe jrodoma funkciné centriné ribiné teorema seriju schemai. Nagrinéjamas adaptuotas procesas su
auto-normavimu.



