Nonlinear Analysis: Modelling and Control, 2007, Vol. 120 M, 503-510

A Joint Limit Theorem for Laplace Transforms of the
Riemann Zeta-Function

A. Laurin ¢ikas

Faculty of Mathematics and Informatics, Vilnius Univeysit
Naugarduko str. 24, LT- 03225 Vilnius, Lithuania
antanas.laurincikas@maf.vu.lt

Received:28.05.2007 Revised:06.10.2007 Published online:12.11.2007

Abstract. In the paper, a joint limit theorem in the sense of weak cayeece of
probability measures on the complex plane for Laplace foams of the Riemann zeta-
function is obtained.
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1 Introduction

Let Z,N,R andC stand for the sets of all integers, positive integers, radl @mplex
numbers, respectively, and let, as usudk),s = o + it, denote the Riemann zeta-
function. Fork € N, define

o0

Li(s) = /|C(1/2+i:c)|2ke*“da:.

0
As [1]
C(1/2+it) <. t352, £ > 15 >0,

with everye > 0, the integral forL(s) converges absolutely and uniformly on compact
subsets of the half — plarfeé = {s € C: o > 0}, and defines there an analytic function.

The functionLy(s) is applied, see, for example, [2], [4-6], for investigasaf the
mean value

T

/|<(1/2 i) [2rdE, T — oo
0
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In [7] we obtained the first probabilistic results for the étion L, (s). Let meag A}
denote the Lebesgue measure of a measurabl seR, and let, forl” > 0,

vp(...) = %meas{t €0,7): ...},

where in place of dots a condition satisfiedthg to be written. Denot#(S) the class of
Borel sets of the spacg, and define the probability measure

Pr, =vyp(Li(oc+it) € A), A€ B(C).

Then in [7] the following characterization of the asymptatiehavior of the function
L1(s) has been obtained.

Theorem A.Leto > 0. Then on(C, B(C)), there exists a probability measufg such
that the measuré’r , converges weakly t6, asT — oc.

LetC"=Cx...xC,g = (01,...,0,),and
————

L(g +it) = (Li(oy + it), ..., Ly (o + it)).

The aim of this paper is to obtain a limit theorem for the piuliy measure
Pro(A) =vr(Lc+it) € A), AeB(C").

Theorem 1. Suppose that mir ;<,c; > 0. Then on(C", B(C")) there exists a proba-
bility measureP, such that the measui®@r , converges weakly t6, asT — oo.

Obviously, Theorem A is a corollary of Theorem 1 with= 1.

It is well known that almost periodic functions have limisttibutions in the sense
of Theorem 1. For example, the majority of functions defing®bichlet series have the
above property. Almost periodic functions are approxirdatesome metric by trigono-
metric polynomials, however, for Laplace transforms tkisot known. So, we can not
apply the almost periodicity property for Laplace trangfsr

2 Case of a finite interval

Leta > 0 be a fixed finite number, and
Lia(s) = / 1C(1/2 +ix)|[** e dx.
0

In this section, we will consider the limit distribution dfe vector
L,(c+it) = (Lia(or +1it),..., Lyo(oy +it)).

On(C", B(C")), define the probability measuf®- , , by
Pras(A) =vr(Ly(c +it) € A).
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Theorem 2. On (C", B(C")), there exists a probability measur, , such that the mea-
sure Pr, , converges weakly t6, , asT — oo.

Proof. We begin with a limit theorem on one topological group. ket {scC: |s|=1}
denote the unit circle on the complex plane, and

Q, = H Yus

u€[0,a]

where~, = v for all w € [0,a]. As~ is a compact, by the Tikhonov theorem, with
the product topology and pointwise multiplicatidn, is a compact topological Abelian
group. Define a probability measure

Qra(A) =vr({e™:ue(0,a]} € A), A€ B(Qa).
The dual group of),, is
D d;f @ue[(),a]Zua

whereZ,, = Z for eachu € [0,a]. An elementt = {k,: u € [0,a]} € D, where only a
finite number of integers, are non — zero, acts di, by the formula

gﬂ&kz H :C,l]i“,

u€(0,a]

wherez = {x,: |z,] = 1,u € [0,a]}. Hence, the Fourier transforpy (k) of the
measure)r , is of the form

T
1 .
_ | | Kk _ | | —ituk.y
gT,a(E) - / ( Zu >dQT7a - ?\/ e[O ]6 dt
0w e

Qq uE[O,a]
1 T
= ?/exp{ —at Z ukzu}dt,
0 w€[0,a]
where, as above, only a finite number of integerare non-zero. Thus,
1 if S uky, =0,
u€[0,a]
97,0(E) = < exp{—iT PO
—iT E, Wk if Z uku#O
w€[0,a] u€[0,a]

Now let, for{y,: = € [0,a]} € Qaq,

. Jy. if y,isintegrable ovejo, a,
Y279 an arbitrary integrable ovéd, o] circle function, otherwise.
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Define a functiorh,, : 2, — C" by the formula
ha({yz:  €10,a]})

= (/ 1C(1/2 +iz)[Pe " * Gpd, . . ., / Ic(1/2 + iac)|27‘e_""x§xda:).
0 0

Then by the Lebesgue theorem on bounded convergence thiiofuhg is continuous,
moreover,

ho({e ™ 2 € [0,a]})
= (/ [¢(1/2 4+ ix)|267(”1+“)xda:, A / Ic(1/2 + iac)|2re(”"'+”)zdx)
0 0
=L, ,(a+it).

=r.a

HencePr ., = Qr..h; . This, the weak convergence of the measre, and Theo-
rem 5.1 of [3] show that the measufe , , converges weakly to the measupeh, ! as
T — oo. The theorem is proved.

3 Proof of Theorem 1

First we observe that the uniform convergence on compadetsilofD of the integral
for Li(s) implies, forc > 1/2 and eactk € N, the relation

T
1
lim limsup T / |Li(o +it) — Ly q(0 + it)|dt = 0. 1)
T—o0 A
Letz, = (z11,---, 21r), 29 = (221,. .., 22,) € C. Define a metrip in C" by
T 1/2
p(z1,25) = <Z|le 22j|2> ;
j=1

and, forz € C", let|z| = p(z,0). Then, clearly, this metric induces the topologyGt.
Since

T
p(z1,29) < Z 215 — 2241,
j=1
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it follows from (1) that, for min o; > 1/2,
1<j<r

T

1
lim limsup — [ p(L(c + it), La(c + it))dt
A= T oo T
0
(2)

< lim hmsupz /|Lk ok + it) — Ly o (ox + it)|dt = 0.

a—00
T—o00 h—1

For the further proof, we recall some definitions and resiuisn the probability
theory.

Let (S, p) be a separable metric space with a megtriand letY,,, X1,, Xon, . ..
be theS — valued random elements defined on a certain probabilityes@ia B(2), P).

Denote by 2 the convergence in distribution.

Lemma 1. Suppose thaky,, 2, X, for eachk € N, and thatX} kﬂ X. If, for
everye > 0,
hm lim sup P{p(Xkn, Y,) > e} =0,

theny, = X.

The lemma is Theorem 4.2 of [3] where its proof is given.

Let P = {P} be a family of probability measures g, B(S)). The family P is
called tight if, for arbitrary: > 0, there exists a compact skt C S such that

P(K)>1—¢

for all P from P. The familyP is relatively compact if every sequence of element®of
contains a weakly convergent subsequence.

The next lemma (the Prokhorov theorem) relates the relativepactness with the
tightness of the familyP.

Lemma 2. If the familyP is tight, then it is relatively compact.

The lemma is Theorem 6.1 from [3].

Proof of Theoreni. By Theorem 2, the probability measuRe , , converges weakly to
the measure?, , asT — oo. On a certain probability spadé€, B(2),P), define an
uniformly distributed on [0, 1] random variabdie and put

Xpo=Xpale) =L, .(c+iT0).

Then, denoting byX, = X (¢) a C" — valued random element with the distribution
P, -, we can rewrite the assertion of Theorem 2 in the form
Xro — X, 3)
" T'—o0
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Now let M be an arbitrary positive number. Then in view of Chebyshiegguality

limsup Pr . ({z € C": [z] > M}) *hmsupl/T(|L (o +it)| > M)

T
—00 T

1
< lim sup MT |L,(c +it)|dt

T—o0 T
0

1 T 1/2 @
< — sup lim sup —/( Ly o (o) + it ) dt

M a>0 T—oo T ;l ¢ )l

0

1 1/2
§—sup1imsup( /|Lka or +it)] dt) )

M a>0 T—oo =1 2

Leto > 0. Then

|Li(o +it)|? = Ly (o +it) Ly (o — it)

N / c1/2+ ix)|2k6_(o+it)xdm/|C(1/2 +iy)[2kem(=iDy gy,
0 0

Therefore,

T

/|Lk(a+it)|2dt:/T(7|§(1/2+ix)|4ke_2‘”da:>dt

T 00 00

w [( [ [ 1carsimpcass+ mpie oo o aaay )t
0 0 0
z#y

=T [ |€(1/2 +ixz)[*e 27%dx

\ﬂ

efiT(yfz) -1

- dxdy.
i(z—y)

+ / / (L2 + i) [PHC(1)2 + iy) [Preoe—ov

0 0
zFyY

Since, fore > 0, the integral converges absolutely, hence we find thaty for0,
Jim —/|Lk (o + it)|2dt = /|§ (1/2 + iz)| 27" g (5)
forall k£ € N.
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Using (2), (4) and (5), we obtain that

limsup Pr . ({z€C": 2] > M}) < E
T—o0 M
where

1/2
(1/2 +ix) 4k o =20k 0.
(Z / €12 1 ix) )

k=17

a>0 T—oo

1/2
+ sup lim sup ( /|Lk ok + it) — Ly o (o) + it)] dt) < 0.
k=1

Hence, taking\/ = Re~!, we find that
limsupPTyayg({g eC": |z > M}) <e.
T—o0

Thus, in view of (3)
Pa,g({ge(C": H >M}) <e. (6)
Let K. = {2z € C": |z| < M}. Then the sef(. is compact, and by (6), for adl > 0,
Pio(Ke)>1—¢.

This shows that the familyP, . } is tight. Hence, by the Prokhorov theorem (Lemma 2)
it is relatively compact. Therefore, there exists a subseqe{P,, ,} C {Fa. -} such
that P,, , converges weakly to some probability measHgeon (C, B(C)) asa; — oc.
Then

X, o P, (7)
a1 — 00
Now define

Xr = Xr(o) = L(g +iT9).
Then, taking into account (2), we find
lim 1imsupIP’( (XTa( ), X7(o )) 25)
A= Too

= lim limsup vy (p(L, (e +it), L(c +1it)) > ¢)

A= T 00
1 T
_T/ o(o+it), L(c +it))dt = 0.
0
This, (3), (7) yield

X — P,

T—>OO

and the theorem is proved. O
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