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Joint universality of some zeta-functions. I
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Let a = {am: m € Nyg}, Ng = NU {0}, be a periodic with minimal period k¥ € N
sequence of complex numbers, and o, 0 < a < 1, be a fixed number. The periodic
Hurwitz zeta-function (s, a;a), s = o + it, is defined, for ¢ > 1, by

[ee]
A
s,a;0) = —_—,
C( ) Z (era)S
m=0
and by analytic continuation elsewhere. If
= .
a = — a] =
A l ;
1=0

then ((s,;a) is an entire function. If a # 0, then the point s = 1 is a simple pole
with residue a.

The universality of the function ((s,a;a) with transcendental parameter « has
been obtained in [2]. Let K be a compact subset of the strip D = {s € C: £ < o < 1}
with connected complement, and let f(s) be a continuous function on K which is
analytic in interior of K. Then, for every € > 0,

1
lim inf —meas{T €[0,77: sup [¢(s +iT,a50) — f(s)| < 5} > 0.
T—oo T seK

Here and in the sequel, meas{ A} denotes the Lebesgue measure of a measurable set
ACR.

The joint universality of periodic Hurwitz zeta-functions was considered in a series
of papers [5, 6, 7, 3, 9] and [8]. The most general result in this field is contained in [8].
Forj=1,...,r let aj, 0 < aj < 1, be fixed parameter, and [; € N. Moreover, for j =
1,...,randl=1,...,1;, let aj; = {amji: m € No} be a periodic with minimal period
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ki € N sequence of complex numbers, and (s, a;;a;) be corresponding periodic
Hurwitz zeta-function. Define

L(al,...,ar):{log(eraj): m € Ny, jzl,...,r}.

Moreover, let k; be the least common multiple of the periods kji1, kj2,...,kj,, j =
1,...,r, and
141 a2 ... QA1
a2;51 252 . a2;1; .
B; = J , J=1,...,m
Ohjjt Ohkji2z - Oyl

Theorem 1. (See [8].) Suppose that the set L(aq,...,an) is linearly independent
over the field of rational numbers Q and that rank(B;) =1;, j =1,...,r. For every
j=1..,randl=1,...,1;, let Kj be a compact subset of the strip D = {s € C: % <
o < 1} with connected complement, and let f;;(s) be a continuous on Kj function
which is analytic in interior of K . Then, for every e > 0,

1
lim inf —meas{r €[0,7]: sup sup sup ‘(j(s +iT, a5 a5) — fjl(s)‘ < E} > 0.
T—oo T 1< 1KILL s€K

The aim of this note is to give basics for the proof of the joint universality of the
functions ((s) and ((s + iT,a;5a5), j =1,...,r, L =1,...,1;. Here, as usual, ((s)
denotes the Riemann zeta-function, that is ((s) = ((s, 1;a;) with a; = {a,, = 1: m €
No}.

Theorem 2. Suppose that oy, ..., «, are algebraically independent over Q, and that
other hypotheses of Theorem 1 hold. Moreover, let K be a compact subset of the
strip D with connected complement, and let f(s) be a continuous non-vanishing on K
Sfunction which is analytic in interior of K. Then, for every e > 0,

1
lim inf —meaS{T € [0,T]: sup ‘C(s +iT) — f(s)‘ <,
T seK

T—00

Sup sup sup ‘C(s—i—ir, oy ag) — fjl(s)‘ < E} > 0.
1<5<r 1<I<L; s€K )

The proof of Theorem 2 is based on a joint limit theorem in the space of analytic
functions for the functions {(s) and ((s,a;;a5), j=1,...,r, 1=1,...,1;.

Denote by H (D) the space of analytic on D functions equipped with the topology
of uniform convergence on compacta, and let

where
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Moreover, let v = {s € C: |s| = 1} be the unit circle on the complex plane. Define

!AZ:HVP and Q:H’ym,
p m=0

where v, = v and 7, = v for all primes p and all m € Ny, respectively. Then, by
the Tikhonov theorem, the tori 2 and 2 are compact topological groups. Denote
by B(S) the class of Borel sets of a space S. Then we obtain two probability spaces
(2, B(£2), 1) and (£2,B(2), my), where rg and my are probability measures on
(2, B(£2)) and (£2, B(£2)), respectively. Now let

D=0 x 2 % x 2,

where 2; = 2 for j = 1,...,r. By the Tikhonov theorem again, 2" is a compact
topological Abelian group, and this leads to the probability space (271 B(£271),
m; ), where m/ ! is the probability Haar measure on (271, B(£2"+1)). Denote by
&(p) the projection of @ € £2 to vp, and by w(m) the projection of w € 2 to .
For brevity, let o = (a1,...,ap), & = (G11,..., 01055+, 0p1,...,0..), and let w =
(@, w1,...,w,) be an element of 27!, On the probability space (271 B(271),
m’f '), define the H*(D)-valued random element ((s, a,w;a) by the formula

g(s,g,g;g) = (C(Sad})a C(S; aq, Wi, all)a ceey C(Sa aq, Wi, alh) sy
C(57 Qe y Wy ﬂ7-1), v aC(Sa Q5 Wi a?“lr))7
where A B
=TT (1 @)
((s,0) 1;[ ( o
and

oo
amjiw;(m)
C(S,Oé],w],ﬂ]l) 7;) (m+04]')5, .7 9 T ) IR
Denote by P the distribution of the random element ((s, a, w; a), and let {(s, s a) =
(C(S)a C(Sa aq; all)a DR aC(Sa Qaq, Wi, a1l1)a DR aC(Sa Qi a?“l)a DR )C(S) (07 a?“lr))

Theorem 3. Suppose that ay, ..., «, are algebraically independent over Q. Then the
probability measure

Pr(A) = %meas{r €10,T): ¢((s+ir,a;a) € A}, AeB(H"(D)),

converges weakly to P as T — oo.

Taking into account a limited size of this note, we give only a sketch of the proof
of Theorem 3. The proof of Theorem 2 as well as full proof of Theorem 3 will be
given elsewhere.

Denote by P the set of all prime numbers.

1. Since the numbers ay,...,a, are algebraically independent over Q, we have
that the set

Lt (logp: p € P), (log(m+a;): me Ny, j=1,...,7)}
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is linearly independent over Q. Consider the probability measure

Qr(A) = %meas{T €0,7: ((p7:peP),((m+a1) " meN),...,
((m + o) Time NO)) €A}, Ace B(Q’“H).

Then, using the above remark on the set L and applying the Fourier transform

method, we find that the measure Q7 converges weakly to the Haar measure m?jl

as T — oc.
2. Let o1 > % be a fixed number, and

i o { - (2)" ] e

m+a;\7
vn(m,aj)exp{<7j> }, m,n €Ny, j=1,...,r

n—+ q;

Then by a standard way can be proved that the series

oo oo
B v (M) am]lvn m, ;) 4
- E s C Saj,a]l E ) J=14...,7
m (m+ a;)®
m=1 m=0

are absolutely convergent for o > % For m € N, define
v(m) = H ot
pm
where p!|[m means that p! | m but p!*! {m, and let

= vn(mnic:(m),

m=1

i Aty (M)Un (M5 05) =

C (57alawl;a’l): B
B (m +a;)°

N

m=0

The latter series, clearly, also are absolutely convergent for o > % Let, for brevity,

Q (57_, ) (Cn( ) Cn(saal;all)a'"7<n(87a1;a111)7"'7

n
C’V‘L(S7 Q5 a7‘1)7 RN Cn(sa Qi a?“lr))7
and
ﬁn(sag;&;ﬂ) = (Cn(sadj)a Cn(sa Qaq, Wi; all)a ceey Cn(sa a1, W15 alll)a ceey
C’V‘L(Sa Qo W] Cl7-1), DR aCn(57 Qpy Wy a’!‘l,«))-

Then the next step of the proof of Theorem 3 consists of the proof that the probability
measures

%meas{r €0,7]: ¢ (s+ir,asa) € A}, AeB(H"(D)),
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and
%meas{r €[0,T7: gn(s +iT,q,w;a) € A}, Ac€ B(Hf*i(D))7
both converge weakly to the same probability measure P on (H"(D), B(H"(D))) as
T — oo. For this, the weak convergence of measure Qr to m?jl as well as the
invariance of m’;l and properties of weak convergence of probability measures are
applied.

3. Now we approximate in the mean ((s,a;a) by (,(s,a;a) and ((s,a,w;a) by
Cn(s,,w;a).

Let {K,,: m € N} be a sequence of compact subsets of the strip D such that

o0
U Km =D,
m=1

K, C K41 for all m € N, and, for every compact K C D, there exists m such that
K C K,,. For f,g € H(D), let

[e )

—m SU‘pS m
p(f9) =2 <

L+ supsep,,

f(s) — g(s)|
f(s)=g(s)l

Then p is a metric on H (D) which induces its topology of uniform convergence on com-
pacta. NOW lf f = (f07f117 . 7f1l17 ceey frl; . 7f7‘lr)5 g = (907911; e ;gllu -5 9r1,

.y 9r1,) € H%(D), and

m=1

pe(f,g) = max ( jpax  max p(fits 951), p(fo, 90)) ,

then p, is a metric on H*(D) with induces its topology of uniform convergence on
compacta.
In this step, we prove the following equalities:

1 (7
lim 1imsup—/ pH(C(s—i—iT,g;g),(j (s—l—ir,g;g)) dr =0, (1)
nboo pome T Jo P72 2n
and if aq, . .., a, are algebraically independent over Q, then, for almost all w € 271,
1 /7
lim limsup — / Pr ((j(s +ir,a,w;a),C (s +iT, a, w; g)) dr = 0. (2)
nhoe ot T Jy PF 2n

The proof of the above equalities easily follows from their one-dimensional versions
in [2] and [4].
4. Additionally to Pr, define one more probability measure

Pr(A) = %meaS{T €0,T]: ¢((s+ir,a,w;a) € A}, A€ B(H"(D)).

Using the limit theorems stated in Step 2, the approximation in the mean (1) and (2)
as well as Theorem 4.2 from [1], we prove that both the measures Pr and Pr converge
weakly to the same probability measure P on (H"(D),B(H"(D))) as T — .

5. It remains to show that P = P.. For this, the ergodicity of the group of

transformations {®,: 7 € R} on £27 1 defined by &, (W) = a,w, w € 271 where
a; = {(p_”: pE ’P), ((m + 1) " m € Np),..o,y ((m +a.) " Tm e NO)}, T €R,

as well as the classical Birkhoff—~Khinchine theorem is applied.
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REZIUME

Keleto dzeta funkcijy jungtinis universalumas. I
S. Rackauskiené ir D. Siauciunas

Straipsnyje nagrinéjamas Rymano dzeta funkcijos ir periodiniy Hurvico dzeta funkcijy rinkinio jung-
tinis universalumas.

Raktiniai ZodZiai: analiziniy funkcijy erdvé, jungtinis universalumas, periodiné Hurvico dzeta-funkcija,
ribiné teorema, Rymano dzeta funkcija.





