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Abstract. In the paper, the eigenvalue problems for one- and two-dimensional second
order differential operators with nonlocal coupled boundary conditions are considered.
Conditions for the existence of zero, positive, negative or complex eigenvalues are
proposed and analytical expressions of eigenvalues are provided.
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Introduction

The present paper deals with the eigenvalue problems for one- and two-dimensional
second order differential operators with given nonlocal coupled boundary conditions.
The corresponding finite-difference (discrete) problems have been investigated in the
paper [1].
First of all, we will consider the eigenvalue problem for one-dimensional differen-
tial operator with given nonlocal coupled boundary conditions,
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where 7o, 71 € R, 70 + 71 # 0. We will also briefly discuss the similar two-dimensional
problem
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with the classical boundary conditions
u(z,0) =u(z,1) =0, 0<zx<l, 5)

and the coupled boundary conditions

U(07 y) = ’you(la y)7 (6)
ou ou

— == 0 1. 7
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Such values of A that the problem (1)—(3) or (4)—(7) has the non-trivial solution are called
eigenvalues, and the set of all eigenvalues is called the spectrum of the problem.

Since conditions (2), (3) and (6), (7) are nonlocal, the corresponding differential
operators are non-self-adjoint. Therefore, the analysis of the spectra of these problems
leads to the problems on the existence of both real and complex eigenvalues.

Let us introduce a parameter -,
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The main aim of this paper is to investigate the dependence of the qualitative structure of
the spectra of the differential problems (1)—(3) and (4)—(7) on the parameters g, 1 (to
be precise, on the generalized parameter ), i.e., to formulate conditions for the existence
of zero, positive, negative or complex eigenvalues, and (when it is possible) to provide
analytical expressions of eigenvalues. The eigenvalue problems for differential operators
with nonlocal conditions can be investigated numerically [2]. We use technique and
argument which are used, for example, in the papers [3,4] to investigate similar problems
with other types of nonlocal conditions.

2 The one-dimensional problem

Let us consider the one-dimensional differential problem (1)-(3) and four qualitative
cases of possible values of \: A <0, A =0,A>0and X € C.

Case 1: A < 0. If a number A < 0 is an eigenvalue of the problem (1)-(3), the general
solution of the equation (1) can be expressed as

u(z) = c1 cosh (ax) + cosinh (ax), a=+vV-A>0,
where c; and co are arbitrary constants. By substituting this expression into nonlocal

conditions (2), (3), we get a system of two linear algebraic equations with unknowns ¢y
and cy:

(1 —ypcosha)e; —ypsinha - eq = 0,
masinha - e; + a(l — 1 cosha)ea = 0.
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This system has a non-trivial solution if its determinant is equal to zero, i.e.,

Dy = 1;130853?};(1 a(lfjopillilsfﬁ o) = a(1+ 07 — (0 +71) cosha) = 0.
Since o > 0, after simple rearrangements we get the equation

cosha =+, «a>0, (8)
and the following proposition is valid.

Proposition 1. The inequality v > 1 is the necessary and sufficient condition for the
existence of one and only one negative eigenvalue of the problem (1)—(3):

A_1 = —(arccoshy)? = f{ln ('y + \/’ﬁ)r

Case 2: X = 0. The general solution of the equation (1) in this case is u(x) = ¢; + cax.
Similarly as in Case 1, we get a system of two linear algebraic equations with unknowns
c1 and co:

(1 —v0)er —y0c2 = 0,
(1 - ’71)02 =0.

There exists a non-trivial solution to this system, if

1— _
Dz‘ T T =1 4 yem — (0 +m) = 0.

0 IL—m

Proposition 2. The number Ao = 0 is an eigenvalue of the problem (1)—(3) if and only if
v=1
Case 3: A > 0. In this case, the general solution of the equation (1) is

u(x) = ¢y cos (ax) + epsin (azx), o= VA >0.

Using the same technique as in Case 1 and Case 2, we get a system of two linear algebraic
equations

(1 — Y cosa)cl —Yosina - cg =0,
Yasina - ¢ +a(l — v cosa)cy = 0.

By equating the determinant of this system with zero, we obtain

|1 —=~pcosc —o sin a _ B _
D3 = ‘ yasinag  a(l - cosa) =a(l+9m — (0 +7)cosa) =0,
ie.,
cosa =1, a>0. ©)]

Hence, we can prove the following
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Proposition 3. The inequality |y| < 1 is the necessary and sufficient condition for the
existence of infinitely many positive solutions to the equation (9), i.e., for the existence of
infinitely many (countable set) positive eigenvalues for the problem (1)-(3):

Aok_1 = (2km — arccosy)?, Ao = (2km 4 arccosy)?, k€ N.

Remark 1. When |v| < 1, all positive eigenvalues are simple. However, when |y| = 1,
all positive eigenvalues (except \; = 72, when v = —1) are multiple (double).

Remark 2. We can observe the qualitative behaviour of real eigenvalues of the problem
(1)—(3) from Fig. 1, where graphs of functions y(a)) = cosh o and y(a) = cosr, a > 0,
are exhibited.

24

Fig. 1. The graphs of functions v(«) = cosh « (dash-dot line) and v(a) = cosa
(dashed line), o > 0.

Case 4: A € C. We represent the general solution of the equation (1) in the form

iqe

+ee 1 g=vVA=a=+xif, i=+v—1.

u(z) = cre

We assume that « = 0 and 8 # 0. If « = 0, 8 # 0 or a # 0, 8 = 0, then this case
coincides with Case 1 or Case 3, respectively. However, when o = 3 = 0, a situation is
the same as in Case 2.

By substituting the expression of general solution into nonlocal conditions (2) and
(3), we get

(1 — Voeiq)cl + (1 — 70e_iq)02 =0,
ig(1 — ye'?)er —ig(1 — ye™)cp = 0.
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The determinant of this system is equal to zero, if

_ | 1= 0e 1 — e

ig(1 = 7€) —ig(l — e

= 2ig(1 + 7071 — (0 + 71) cosh (ig)) =0,

Dy

ie.,
cosh(ig) =~, g=a=xif, a#0, [#0.

Since cosh (ig) = cos(q), the condition for the existence of a non-trivial solution is
cosq=v, gq=axif, a#0, [B#O0.

By separating the real and imaginary parts in the latter relation, we obtain the equations

cosa - cosh (£8) =7, (10)
sina - sinh (£48) = 0.

Taking into account assumption that & # 0 and 8 # 0 allow us to prove the following
statement:

Proposition 4. When |y| > 1, there exists the series of non-trivial solutions to the
system (10), (ag, £0), k € Z\ {0}, where

{(Qk—i— D, if v< -1,
o =

= arccosh |v|,
2km, if v>1,; p il

i.e., the problem (1)—(3) has infinitely many (countable set) complex eigenvalues X j.
Distinct pairs of conjugate complex eigenvalues can be calculated by the formula

Ak = (@ — %) +i(2a48), keN.
Remark 3. When ozi < B2 ie.,

arccosh [y[ 1

1<k< , if vy < —1,
= o gr BT
h
2

then real parts of complex eigenvalues A j are negative.

3 The two-dimensional problem

Now let us consider the real part of the spectrum of the two-dimensional differential
eigenvalue problem (4)—(7). By separating variables, i.e., by representing the solution of
the problem (4)—(7) in the form

u(z,y) = v(z)w(y),
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we get two one-dimensional eigenvalue problems:

d?v dv dv
— =0, O<z<l1 0) = 1), — = — , 11
dz2 +nv ) T ’ U( ) ’YOU( ) dr 0 ! dz s (11)
and
2w
d—yz—&—uwzo, 0<y<1l, w(0)=w(l)=0, (12)

where 17 + i = A. The problem (11) was considered in Section 2, while the problem (12)
is classic. It is well-known, that all the eigenvalues of the problem (12) are real, positive,
algebraically simple, and can be computed by the formula

w = (wl)?, 1eN. (13)
Let us denote
Akt = Nk + - (14)

It is easy to see, that the positivity of Ag; is conditioned by the positivity of 7. Therefore,
the following statement is valid.

Proposition 5. If |7y| < 1, then the problem (4)—(7) has infinitely many (countable set)
positive eigenvalues:

Aop_1, = (2km —arccos y)*+(ml)?,  Aop; = (2km+arccosy)?+(nl)?, k,l € N.

Now let us investigate the existence of zero and negative eigenvalues of the problem
(4)~(7). If Ay = 0, then the equations (13) and (14) imply that 17, = —(l)2. However,
the negative eigenvalue of the problem (11) has the form 7, = —a?, where « is a positive
root of the equation (8). Since the equation (8) has a unique positive root, Ag; = 0
provided that o« = wl. The number o« = 7l is a root of the equation (8) if v = cosh (nl).
We can prove the following

Proposition 6. If~y;, = cosh (nl), | € N, then, for each | € N, the problem (4)—(7) has an
algebraically simple eigenvalue \j;; = 0.

If v = cosh (s), then the problem (11) has a negative eigenvalue n, = —(7s)2.
Hence, problem (4)—(7) has s — 1 negative eigenvalues,

A = —(ms)? + (nl)?, 1=1,2,...,5s—1,
and an algebraically simple eigenvalue Az; = 0.

Proposition 7. The number of negative eigenvalues of the problem (4)—(7) depends
on~y. If
cosh (ms) < v < cosh (n(s + 1)),

where s € N, then there exist exactly s negative eigenvalues of the problem (4)—(7).
Consequently, when v < coshm = 11.59195.. . ., then all real eigenvalues of the problem
(4)—(7) are positive.
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4

Concluding remarks

The qualitative information about the spectral structure of differential operator and es-
pecially its finite-difference counterpart is useful, for example, in order to analyse the
stability of finite-difference schemes [5—15] or justify the convergence of iterative meth-
ods for finite-difference equations [16—18].

As a rule, any nonlocal condition, implies that, depending on nonlocal condition

parameters, both real numbers (positive or non-positive) and complex numbers (with
positive or non-positive real parts) can be the eigenvalues of the corresponding differential
problem. Using the quite simple technique allow us to investigate the qualitative structure

of

the spectra of the differential problems (1)—(3) and (4)—(7).
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